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ABSTRACT
The rapid adoption of distributed energy resources (DER) in low voltage (LV) networks is
driving the need for distribution companies to assess their impacts on customer voltages in any
demand/generation condition (also known as what-if analyses). Although this can be done by
running conventional power flow analyses, there are two main challenges. The first one is that
LV line models (three-phase LV feeder lines and single-phase service lines) are needed.
However, the corresponding impedances are often poorly recorded by distribution companies.
In other words, the information is incomplete or not available. The second challenge is that, if
such studies are needed for operational purposes (calculations in near real time), then
implementing power flows to be run for hundreds of LV feeders can be a complex task for
distribution companies.
Several studies have attempted to solve the challenges of impedance estimation and simplified
voltage calculations, but there are still some gaps. Given the rollout of smart meters in many
places, several works have exploited smart meter measurements to estimate impedances of LV
line models. However, in most cases, the three-phase nature of LV feeders (i.e. the phase
couplings) is not adequately considered; and thus, such approaches cannot cater for the needs
of inherently unbalanced LV networks. For the voltage calculations, existing simplified
methods are based on the single-phase voltage drop equations and an additional ‘unbalanced
factor’. Given that the ‘unbalanced factor’ is determined either empirically or using data-driven
techniques that require large amounts of data, such methods cannot be precise or practical
enough for their actual implementation by distribution companies.
This thesis proposes a practical approach to determine customer voltages (in what-if analyses)
using smart meter-driven LV line models that adequately capture the effects among the three
phases. Firstly, impedances (three-phase LV feeder lines and single-phase service lines) are
estimated using linearised voltage drop equations and a regression technique. This process
exploits historical time-series measurements from smart meters and at the head of the LV
feeder and assumes that the customer connectivity and customer phase connection are known.
Then, using the linearised voltage drop equations and the estimated impedances, simplified
calculations of customer voltages can be carried out for what-if analyses (any
demand/generation condition).
The proposed approach is demonstrated on realistic LV networks from Australia and the UK.
Impedances are estimated considering realistic weekly historical meter measurements (i.e.
active power, reactive power, and voltage magnitudes) with a 15-minute resolution (672 time
steps). Voltage calculations (what-if analyses) consider weekly demand and generation profiles
with 1-minute resolution (10,080 time steps). Results show a very good accuracy for most of
the estimated impedances. More importantly, the calculated voltages are not only highly
accurate but are also obtained much faster than with a power flow engine. Consequently, the
findings suggest that the proposed approach is accurate and practical enough for its use by
distribution companies.
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Chapter 1: Introduction

1 INTRODUCTION
The reduction of carbon emissions has been one of the significant challenges of the 21st century.
This year, 2020, began with devastating wildfires in Australia, which showed the whole world
how climate change is disrupting economies, decreasing the diversity of plants and animals,
and threatening human health [1].
Over the past few years, many countries around the world have been making efforts to combat
climate change and move toward a carbon-neutral economy by adopting renewable energy [2].
For example, globally, the total solar PV generation has increased by about 187% in the last
five years, from 251kWh in 2015 to 720kWh in 2019 [3]. Driven by the declining costs of
advanced technologies and expensive electricity bills, there has been an exponential growth in
distributed energy resources (DER) in residential low voltage (LV) electricity networks [4].
The main DER are residential photovoltaic (PV) systems, residential battery energy storage
(BES) systems, and electrical vehicles (EVs) [5]. The rapid adoption of DER introduces
significant challenges for distribution companies to cope with voltage issues in LV networks.
Therefore, before tackling these issues, assessing the effects of DER on customer voltages in
LV networks (i.e., to perform what-if analyses, in an operational environment, for intended
DER injections) is extremely valuable for distribution companies. Although voltages can be
determined by running conventional power flow analyses, the main challenges are the lack of
knowledge of the underlying LV network model and the complex implementations. Thus, to
practically calculate customer voltages (i.e. in what-if analyses), it is necessary to solve these
challenges.
To this end, Section 1.1 of this chapter provides an understanding of the characteristics of
traditional LV networks, background of DER and smart meters, and the impacts of the high
penetration of DER on LV networks. Given the technical issues caused by DER, it is important
to perform what-if analyses to understand the extent of DER impacts on LV networks. Section
1.2 discusses that among the main challenges in assessing the extent of DER impacts are the
lack of the knowledge of the underlying network model and the complex implementations of
power flow analyses. Furthermore, the research questions of the thesis, the main contributions
1

Chapter 1: Introduction
of the thesis and the publications are presented in Sections 1.3-1.5, respectively. Finally, an
outline and abstract of all the chapters of the thesis is given in Section 1.6.
1.1.1 Low Voltage Networks: From Load-Only to Distributed Energy Resources-Rich
and Observable
The traditional LV network is a simple load-only network without observability. Along with the

growth of DER and smart meters, LV networks have become more complex (i.e. a large number
of various DER with different behaviours) and more observable. This section provides an
understanding of the characteristics of traditional LV networks, background (current status and
technical aspects) of DER and smart meters, and the impacts of DER on traditional LV
networks. Given the technical issues caused by DER, this section highlights the importance of
performing what-if scenarios to understand the extent of DER impacts on LV networks.
1.1.2 Traditional Low Voltage Networks: Load-Only, No Observability
The traditional network hierarchy (Figure 1-1) is such that the electricity generated from power
plants travels from transmission (e.g. 500kV) to distribution networks (e.g. 11kV) before it
reaches LV networks (e.g. 400V) [6, 7]. It should be noted that different countries and regions
may have different voltage levels, and the commonly used voltages for three-phase LV
networks are in the range of 208V to 433V (line to line voltages) [8, 9]. For example, in
Australia and European countries, the nominal voltage is required at 400V with a tolerance
range that varies per country [10, 11].
In many countries or regions (e.g. Australia, Europe and Asia), LV networks usually have
multiple radial LV feeders that are connected with one or more three-phase distribution
transformers. These LV feeders, in turn, supply electricity to several customers through service
lines [12]. For example, in Figure 1-1, one distribution transformer connects with two LV
feeders (blue lines) and three service lines (red lines). LV feeders are usually three-phase, fourwire systems (i.e. three conductors and one neutral) [11]. On the other hand, the characteristics
of service lines depend on types of connected customers. Residential loads usually connect
with LV feeders via single-phase, two-wire service lines, and commercial or industrial loads
need a two-phase or three-phase power supply. Without load, voltages are balanced on the
three-phase LV feeders (i.e. the phase shift between any two conductors is 120º) [11, 12].
However, in practice, given the loading and locational diversity of customers, three phases are
usually unbalanced. This causes residual currents to go through the neutral wire, and thus, the
2
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phase shift cannot be kept as 120º. Consequently, three-phase LV feeders are inherently
unbalanced [11, 12].

Figure 1-1. A traditional power system
In practice, LV networks are owned and operated by distribution companies [13]. Although the
design of LV networks considers multiple technical constraints, such as the power flow, power
losses, voltage drop, system earthing, and fault calculations, etc., two key considerations [12,
14, 15]:
•

The voltage limits at the customer connection points; and

•

The thermal capacity of network assets (i.e. distribution transformers and LV lines).

The network assets must be sized to accommodate the peak demand to ensure integrity. Given
that different customers usually have their peak demand at different times, using the After
Diversity Maximum Demand (ADMD) to determine the peak demand is the common practice
3
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within distribution companies [16, 17]. ADMD is often derived from the aggregated yearly
peak demand divided by the number of customers served by the network. For example, the
maximum demand for customer 𝑖 ∈ 𝐼 over a year is 𝑃𝑖 , and the total maximum demand for all
the customers is ∑𝐼𝑖 𝑃𝑖 , and thus, the ADMD is determined by ∑𝐼𝑖 𝑃𝑖 /𝐼. However, it is worth
mentioning that this approach cannot cater for future photovoltaic (PV)-rich LV networks. For
instance, in Australia, a typical value of ADMD is 3kW [18]. If many customers install 5kW
solar PV systems, during the low-demand period (e.g. 0.5kW), the reverse power flow may
cause the LV feeder overloaded. The challenges and impacts of PV systems will be further
discussed in a later section.
1.1.3 More Observability: Smart Meters
Traditional LV networks do not have monitoring devices, and customers’ electricity
consumption is recorded in conventional accumulation meters (with dial display) over defined
periods. This type of meter needs readers to manually record and update the data, which is
ineffective [19-21]. On the other hand, with the development of advanced technologies,
conventional meters are gradually replaced by single-phase, two-phase, and three-phase smart
meters (with digital display) [22, 23]. For example, in some European countries (e.g. Italy,
Sweden, Finland, etc.), the penetration of smart meters is higher than 80%. In addition, in
Australia, 2.8 million smart meters have been placed in almost all households across the state
of Victoria [24].
In contrast with conventional meters, smart meters enable two-way communications between
connected customers and distribution companies, which significantly increases the
observability of LV networks [25]. It allows distribution companies to quickly detect and
provide responses to a series of faults, such as power outage and phase to ground faults [23].
Furthermore, smart meters can automatically record customers’ data at the customer
connection points within an interval of time (e.g. 30 minutes) [25], including the voltage
magnitude, the active and reactive power. One of the multiple benefits of smart meters is that
they provide a large number of measurements, which can help distribution companies to have
a better understanding of customer behaviour and develop analytical models (e.g. load
forecasting). Hence, many distribution companies are increasingly interested in leveraging
smart meter data [26]. However, currently, smart meters are mainly used for conventional
applications (e.g. improving load forecast [27]) and providing more accurate electricity bills
[19, 20, 26].
4
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1.1.4 Distributed Energy Resources
DER represents the behind-the-meter assets that can provide electricity or manage demand [5].
The main three types of DER are residential photovoltaic (PV) systems, battery energy storage
(BES) systems, and electrical vehicles (EVs), which changes the way customers consume
electricity [5]. Traditionally, customers rely on electricity from power plants. However, more
and more customers adopt residential PV systems to generate electricity for self-consumption,
and the surplus energy can be stored in BES systems and EVs for latter usage. Although this
thesis focuses on residential solar PV systems, the proposed approaches to calculate voltages
in what-if scenarios are applicable to any DER technology. Therefore, this section provides an
understanding of the current status, future trends, and technical information of these three types
of DER.
1.1.4.1 Residential Solar PV Systems
Mainly due to the reduction in solar PV panel prices and, in some cases, the increase in
electricity costs, there has been a rapid growth in residential solar PV system installations
worldwide [2, 3, 28]. For example, in Australia, until now, the total installations of residential
solar PV systems are more than 2.4 million (total of 8GW), with 10 million households. And
it is approximately eight times higher than that recorded in 2010 [29]. This places Australia as
one of the countries with the highest penetration of residential solar PV systems (i.e. around
25%) [30].
A grid-connected solar PV system (Figure 1-2) has two main types of elements: PV panels and
PV inverters [31-33]. Whenever sunlight falls on PV panels, solar cells can convert solar
energy to electricity in the form of direct current (DC). Given most of the home appliances
work in alternating current (AC), PV inverters need to convert DC to AC electricity. If there is
excess electricity from PV systems, the surplus energy will be measured by meters and
exported into the power grid [32, 33]. On the contrary, if there is insufficient electricity from
PV systems, customers will need to import electricity from the grid.
In Australia, the sizes of PV systems are regulated by local distribution companies to avoid
jeopardizing the operation of LV networks [34]. The size of a PV system generally depends on
the household phase connection. For a single-phase household, it can only connect with singlephase PV systems. The most popular single-phase PV system is 6.6kW with a 5kW inverter,
which is cost-effective and meets network requirements [35]. If a large PV system is needed
5
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(e.g. 10kW), the size of the inverter can be increased as long as the maximum ‘export limit’
meets 5kW per phase [36]. For a three-phase household, the PV system can be single-phase,
two-phase, and three-phase. The three-phase PV systems allow customers to have the larger
size of PV systems (e.g. up to 30kW) [36, 37].

Figure 1-2. A grid-conected PV system
1.1.4.2 Other Residential Technologies
Given that PV systems only generate electricity during daylight hours, customers that use most
of their electricity at night can barely self-consume their own generation. To store the surplus
solar energy for later use and reduce electricity bills, customers are adopting BES systems and
EVs [38]. Although the most common type of batteries is the lead-acid battery, the most recent
commercially available BES systems and EVs use lithium-ion (Li-ion) technology [39, 40].
Given the cost reduction of batteries and the growth of government incentives, there will be an
increasing number of BES systems [31] and EVs [41, 42]. Currently, Australia is one of the
countries which has installed many residential BES systems, and it expects to install one
million BES by 2025 [43, 44]. However, the sales of EVs in Australia have been modest, even
though there is an increasing uptake of EVs globally [42].
EVs are, in general, loads. But vehicle-to-grid (V2G) technology allows EVs to perform the
same function as that of BES systems in the charging and discharging process [42, 45, 46]. A
battery can be charged with surplus solar energy during the day, or it can be charged by the
power grid when electricity is cheaper. Then, the stored energy in the battery can be discharged
for shaving the peak demand or backup power during a blackout [39].

6
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In terms of residential batteries, there are three main aspects: the battery capacity, depth of
discharge (DoD), and power [47, 48]. Firstly, the battery capacity represents the maximum
energy stored in a battery. Secondly, DoD indicates usable storage capacity. The higher the
DoD, the more the stored energy can be used. Lastly, the power of the battery presents how
fast the energy can be charged/discharged at any time. Both BES and EVs can be compatible
with single-phase, two-phase, and three-phase power supply. The capacity of BES systems is
usually in the range of 1.2-14kWh, and the continuous power is between 0.26kW and 5kW [40,
47, 49]. On the other hand, the battery size of EVs is mostly in the range of 28-100kWh [50].
It should be noted that injections from both BES and EVs will follow the limits established for
the corresponding single-, two-, or three-phase connections of the customers.
1.1.5 Impacts of Distributed Energy Resources on Low Voltage Networks
As mentioned in Section 1.1.1, traditional LV networks are designed for unidirectional power
flow to accommodate the peak demand. Given the increasing number of DER in LV networks,
distribution companies are growingly interested in understanding their technical impacts on
LV networks [51, 52]. This section discusses the impacts of the high penetration of DER on
LV networks. Given the technical issues caused by DER, it is important to perform what-if
analyses to understand the extent of DER impacts on LV networks.
1.1.5.1 Residential Solar Photovoltaic Systems
Solar PV systems can provide electricity to customers during the day, and excess energy can
be injected into the grid. This effect is referred to as reverse power flow (green arrows in Figure
1-3). The greater the electricity generated by PV systems, the higher the level of the reverse
power flow in LV networks, especially during low demand periods. A large amount of reverse
power flow may have negative impacts on LV networks or even on higher voltage-level
networks [53-55]. Two main technical issues are overvoltage and asset congestion.
Firstly, excessive PV generation (e.g. during low demand periods) can introduce reverse power
flow and causes voltage rises for the customers with PV systems. Thus, the significant reverse
power flow may result in overvoltage (voltages violate the upper voltage limit). Secondly,
given that network assets have a specific thermal capacity, a large amount of reverse power
flow may also cause assets to become overloaded.

7
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Figure 1-3. A current/future power system with PV systems
Although both violations may occur in LV networks, studies in [52, 56] have found that
problems are primarily related to voltage rise. Because of this, most studies have mainly
focused on mitigating voltage rise issues [55, 57]. Hence, efforts are necessary to tackle voltage
rise issues in LV networks that have PV systems. Consequently, given that distribution
companies are responsible for ensuring network integrity, they need to be able to effectively
perform what-if analyses to first understand the extent of PV impacts on voltages before taking
action to avoid voltage violations [51-61].
1.1.5.2 Other Residential Technologies
In contrast to residential solar PV systems, BES systems and EVs (with V2G technology)
participate as both generators and loads. However, given the complexity and cost of V2G, EVs are
likely to be only loads in the near future [62]. Theoretically, the adoption of BES systems and EVs
can mitigate the above-mentioned technical issues (i.e. voltage violations and overload) by storing
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surplus solar energy at peak PV generation periods. However, in practice, there are some
challenges as introduced below.

On the one hand, commercially available BES systems with off-the-shelf-control (e.g. the Tesla
Powerwall 2 [63]) are not necessarily effective to charge during the peak PV generation periods
[64]. Therefore, the amount of reverse power flow and the main technical issues caused by PV
systems may not be effectively reduced. Furthermore, considering that BES systems can
provide many other grid services (e.g. respond to price spike), additional demand or generation
in networks may cause voltage violations and overloading [64, 65].
On the other hand, based on the impact analysis in [66], the increasing penetration of EVs can
slightly reduce the voltage rise and thermal issues caused by PV systems. The problems remain
because the peaks of EV demand (e.g. 9 pm) and PV generation (e.g. 1 pm-4 pm) are not in the
same period. Also, at the peaks of EV demand, a significant voltage drop may occur on LV
networks [66-68]. Moreover, the impacts of EVs on both voltages and thermal overloading
have been assessed in [67], and it has found that various LV networks may have different
technical issues at different EV penetration levels.
Thus, when BES and EVs participate as generators, their injections create reverse power flows
and causes voltage rises across LV networks. In contrast, when BES and EVs act as loads, voltage
drop issues can also occur. Consequently, distribution companies must perform what-if analysis

(i.e. any demand or generation of DER) to know the impacts of DER on voltages in LV
networks.

1.2 Challenges in Low Voltage Networks
Given that the voltage violation is the main issue in DER-rich LV networks, distribution companies
first need to calculate customer voltages in any demand/generation condition (i.e. what-if analysis)
for either the operational or planning purpose.
From the operational perspective, DER might need to be actively managed by distribution
companies (directly or indirectly [61]). In this context, distribution companies need to understand
how to respond to the customers’ intended demand/generation for the next time interval (e.g. 1
minute). Whether the intended operation causes voltage violations or not needs to be assessed. To
achieve this, distribution companies need to calculate voltages before accepting all the customers’
intended operation. If the calculated voltage is within the permissible range, the intended operation
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is accepted. If voltage violations occur, distribution companies will take action to manage DER and
to avoid issues. On the other hand, for the planning purpose, distribution companies can calculate
voltages in terms of any demand/generation of DER before accepting the new connection request.
Thus far, being able to calculate customer voltages in any demand/generation condition is key for
distribution companies to make the most appropriate decisions [69, 70]. However, this thesis only
focusses on the operational perspective.
Extensive research has been carried out in the literature about three-phase power flow analyses to
assess the impacts of DER on customer voltages in any demand/generation condition [52, 58, 59,
61]. But to have accurate results, these approaches require the knowledge of networks: impedance
of LV line models (i.e. three-phase LV feeder lines and single-phase service lines), customer
connectivity, and customer phase connection. The impedances of LV line models must be
adequately modelled to cater for inherently unbalanced LV networks. However, the first challenge
in the impact analyses is the limited knowledge of the underlying LV network model. In practice,
distribution companies do not have readily applicable LV network models, and existing models are
often poorly/incompletely recorded.
Furthermore, from an operational perspective (to assist the active management of DER),
distribution companies would benefit from fast and practical power flow calculations. However,
running conventional three-phase power flow analyses can be complex to implement. Thus, the
second challenge in the impact analyses is the complex implementations of power flow analyses.

1.2.1 Limited Knowledge of Low Voltage Networks
The limited knowledge of underlying LV networks has made that traditional model-based
impact analyses are challenging to implement in practice. Many works have been investigating
the impedance estimation of LV line models (i.e. three-phase LV feeder lines and single-phase
service lines), customer connectivity, and customer phase connection [71-84]. Thanks to smart
meter measurements, methods developed in [71, 72] and [73] can accurately estimate the
customer connectivity and the customer phase connection in unbalanced three-phase LV
networks, respectively. However, it is still very challenging to adequately estimate impedances
of LV line models because of the phase couplings of three-phase LV feeder lines.
Many impedance estimation approaches are based on knowing the customer connectivity and
customer phase connection [74-81]. For instance, the method in [74] can estimate the
impedance of a single three-phase LV feeder line by using the phasors of three-phase bus
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voltages and line currents from a phasor measurement unit (PMU)-based technique. However,
the high cost of a PMU makes it difficult to be applied in LV networks, and it is not a
technology adopted by distribution companies [75, 85]. On the contrary, all the other works
have estimated impedances by exploiting smart meter measurements. These smart meterdriven approaches depend on the complexity of LV networks (from a single [76, 77] to multiple
LV feeder lines [75, 78-81]) and the availability of smart meters (from full [75, 79, 80] to
limited observability [78, 81]). One of the most advanced works [81], has considered a more
realistic condition, which requires that meter measurements are only available at customer
connection points and at the head of the feeder. It has used a non-linear optimisation approach
to estimate impedances of multiple LV line models, but it did not differentiate the three-phase
LV feeder lines and single-phase service lines. More importantly, there are no phase couplings
involved in the feeder impedance estimation, and thus, the approach can only be used to
estimate impedances of single-phase service lines in real LV networks.
Furthermore, compared with the above approaches, the methods in [82-84] rely on little
network knowledge. Different from the first two works in [82, 83], the study in [84]
differentiate three-phase LV feeder lines and single-phase service lines. However, Watson et
al. [84] also noted the significant challenge in determining the impedance for each service line.
Thus, an average impedance was used for all service lines in LV networks based on the voltage
correlation analyses. In addition, for three-phase LV feeder lines, the phase couplings were not
considered either. Consequently, thus far, impedance estimation of different types of LV line
models (i.e. three-phase LV feeder lines and single-phase service lines) has been the most
difficult part, which needs to be solved.
1.2.2 Complex Implementations of Power Flow Analyses
Power flow analyses determine customer voltages by solving non-linear equations [86-88]. The
computation time depends on the types of the underlying LV line models, the time steps of
demand/ generation profiles [67]. Given that LV networks may have hundreds and thousands
of nodes, running power flow analyses is complex to implement for operational purposes (to
assist the active management of DER). Thus, distribution companies require accurate but fast
and practical simplified three-phase voltage calculation algorithms that can be easily
implementable to effectively assess the impacts of DER on voltages in LV networks.
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To simplify the voltage calculation, several approaches in the literature have been suggested
based on the single-phase voltage drop equation [69, 89-91]. Given that unbalances across
phases are not involved, these methods use an ‘unbalanced factor’ to correct the single-phase
voltage drop equation. In [89-91], an empirically determined ‘unbalanced factor’ has been used
to modify the linearised single-phase voltage drop equation. However, the problem is that the
empirical value cannot be used in any network at any time, and thus, this approach cannot
assess the impacts of DER on customer voltages in what-if analyses (different
demand/generation combinations) in real LV networks (dozens to hundreds per primary
substation). Furthermore, the method in [69] uses non-linear regression analyses and a machine
learning technique to train the 'unbalanced factor'. The trained 'unbalanced factor' was applied
to a non-linearised single-phase voltage drop equation. However, the training process requires
a large amount of historical smart meter measurements (i.e. half or one year), which is still not
practical. Consequently, thus far, the existing approaches cannot effectively assess the impacts
of DER on voltages when performing what-if scenarios.

1.3 Research Questions
The increasing number of DER is driving distribution companies to assess customer voltages
in what-if analyses. However, this task can be challenging in LV networks due to the limited
knowledge of the impedances of LV line models (i.e. three-phase LV feeder lines and singlephase service lines) and the complexity from implementing power flow analyses. Given that
smart meters have rolled out in many regions, the main research question to be addressed in
this thesis and corresponding sub questions are listed as follows:
•

Can we assess the impacts of DER on customer voltages in what-if analyses using smart
meter-driven LV line models (i.e. three-phase LV feeder lines and single-phase service
lines)?
o What is the minimum requirement for the impedance of three-phase LV feeder
lines to adequately capture the three-phase unbalanced characteristics of LV
networks?
o What smart meter data can be used for impedance estimation?
o Except for customer connection points, which point of three-phase LV feeders
needs to be metered for impedance estimation?
12
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o What are the requirements of the underlying network topology (i.e. customer
connectivity and customer phase connection) for the impedance estimation?
o What methods can be used to exploit historical smart meter data?
o Without using three-phase power flow analyses, how can we quickly and
accurately determine customer voltages in any demand/generation condition
(i.e. what-if analysis)?

1.4 Main Contributions of the Thesis
This section summarises the main and original contributions of this thesis.
•

The first contribution is the proposed impedance estimation approach. It uses historical
time-series measurements (i.e. the voltage magnitude, active power, and reactive
power) from smart meters and at the head of the feeder to estimate the impedances of
LV line models (i.e. the three-phase LV feeder lines and the single-phase service lines).
Crucially, the phase couplings are considered in three-phase LV feeder line models.

•

The second contribution is the proposed accurate but fast and practical simplified threephase voltage calculation algorithms that can be easily implementable to effectively
assess the impacts of DER on customer voltages.

•

The third contribution is that the proposed approach has been used on realistic
Australian and UK LV networks for both impedance estimation and voltage
calculations. It is worth highlighting that realistic demand/generation data are used to
emulate smart meter measurements.

1.5 Publications
The section contains the list of journal papers and conference papers.
1.5.1 Journal Papers
Y. Wang, M.Z. Liu, L.F. Ochoa, “Assessing the effects of DER on voltages using a smart
meter-driven three-phase LV feeder model”, Electric Power Systems Research, Accepted in
2020-05 (In Press).
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1.5.2 Conference Papers
Y. Wang, M.Z. Liu, L.F. Ochoa, “Assessing the effects of DER on voltages using a smart
meter-driven three-phase LV feeder model”, 21st Power Systems Computation Conference
PSCC 2020, 2020-06/07 29-3, p 8.

1.6 Thesis Outline
There are five chapters in this thesis, and a corresponding summary of each chapter is provided.
Chapter 2 - LV Line Models, Impedance Estimation and Voltage Calculation
Chapter 2 first presents the characteristics of different LV line models and discusses how
adequacy they are for running unbalanced three-phase power flow analyses. It also summarises
the existing literature and the research gaps concerning smart-meter driven impedance
estimation approaches. Lastly, the state-of-the-art voltage calculation approaches and the
corresponding research gaps are presented.
Chapters 3 - Methodology
Chapter 3 provides the details of the proposed approach in this thesis aiming at calculating the
customer voltages in any demand/generation condition using a smart meter-driven LV feeder
and service line model (estimated impedances using a smart meter-driven approach). Firstly, it
presents how to estimate the impedances of three-phase LV feeder lines and single-phase
service lines based on measurements of smart meters and at the head of the feeder. This process
uses linearised voltage drop equations and a multiple linear regression technique, and it
assumes having knowledge of the customer connectivity and customer phase connection. Once
having the impedances, it presents how to calculate customer voltages in what-if analyses.
Instead of running power flow analyses, this approach uses the linearised voltage drop
equations to determine customer voltages in any demand/generation of DER. Lastly, an
example LV feeder (with service lines) is used to present the process of impedance estimation
and customer voltage calculations.
Chapter 4 - Case Studies
Chapter 4 assesses the performance of the proposed approach, both in terms of the estimation
accuracy of LV line impedances and customer voltages, on realistic Australian and UK LV
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networks. In both cases, impedances are predicted by using weekly historical meter
measurements, with a 15-minute resolution (672 time steps). On the other hand, weekly
demand/generation profiles used for the voltage calculations in what-if analyses have a 1minute resolution (10,080 time steps). Also, the time consumed by this proposed voltage
calculation is compared with that of full power flow analyses. The results have demonstrated
that the proposed methodology can quickly and accurately calculate customer voltages at any
time.
Chapter 5 - Conclusions and Future Work
Chapter 5 concludes the main findings from the research contained in this thesis. Furthermore,
it outlines the potential future works and improvements to the research.
The Appendix contains the information concerning the impact of each impedance variable on
the customers’ voltages, which is useful for a better understanding of this thesis.
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2 LOW VOLTAGE LINE MODELS, IMPEDANCE
ESTIMATION AND VOLTAGE CALCULATION
2.1 Introduction
As discussed in Chapter 1, distribution companies must perform what-if analyses to understand
the impacts of DER on customer voltages in any demand/generation condition for either the
operational or planning purpose. This thesis focuses on the former purpose, which requires that
voltage calculations are accurate, fast, and easily implemented.
The accuracy of voltage calculations depends on the correctness of the underlying LV line
models: the more precise the LV line models, the more accurate the voltages. Due to a range
of reasons, such as the lack of knowledge about LV line models by distribution companies, LV
line models have been simplified in different ways. Given the three-phase inherently
unbalanced LV networks, the minimum requirements for any simplified LV line model need
to be identified. Therefore, this chapter first presents the characteristics of different LV line
models and discusses how adequate they are for real LV networks.
Furthermore, one significant challenge of calculating voltages is that the impedances of LV
line models (i.e. three-phase LV feeder line and single-phase service line models) are poorly
recorded and not radically available. Several works have investigated to estimate impedances,
which depends on the availability of the certain measurements and techniques tailored for LV
networks. Given the rollout of smart meters in several places, some of studies exploit smart
meter measurements to estimate impedances. However, the problem is that they have not
determined impedances for three-phase LV feeders with phase couplings and they cannot cater
for inherently unbalanced LV networks. Thus, this chapter will also summarise the existing
literature and the research gaps concerning smart meter-driven impedance estimation
approaches.
Lastly, with correct impedances, voltages in LV networks can be accurately calculated by
running power flow analyses. However, another challenge of calculating voltages is that it is
complex to implement for operational purposes (to assist the active management of DER).
Although some approaches have investigated to simplify the calculation, it is difficult for them
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to analyse the unbalanced characteristics of LV networks. Thus, lastly, this chapter will
summarise state-of-the-art voltage calculation approaches and the corresponding research gaps.

2.2 Low Voltage Line Models
This section presents the characteristics of full (exact) and simplified LV line models. Given
the unbalanced nature of LV networks, the adequacy of various simplified models is discussed.
2.2.1 Full (Exact) Low Voltage Line Models
There are different voltage levels for LV networks around the world. For three-phase LV
networks, voltages are in the range of 208 V to 433V (line to line voltages) [8, 9]. For example,
in Australia and European countries, the nominal voltage is required at 400V with a tolerance
range that varies per country [10, 11]. Although voltage levels are different, LV line models
play the same important role, which is to carry electricity from secondary substations to
customers [92].
In an LV network (e.g. Figure 2-1), LV line models (overhead or underground) consist of two
types: LV feeder line model and service line model [92, 11]. Firstly, LV feeder line models
deliver electricity from the substation to the local service area [92]. For example, there are two
feeders in Figure 2-1. Feeder 1 (yellow glow) represents a main feeder, and Feeder 2 (blue
glow) illustrates another main feeder but with a lateral. The LV feeder line model consists of
three phases and one neutral wire (Figure 2-2), and its impedance is shown in Equation 2.1 [93,
94]. Here, 𝑧̂𝑎𝑎 , 𝑧̂𝑏𝑏 , 𝑧̂𝑐𝑐 , 𝑧̂𝑛𝑛 and 𝑧̂𝑔𝑔 , represent the self-impedance of phase A, phase B, phase
C, the neutral wire and the grounding of the line, respectively. The remaining variables in
Equation 2.1 are mutual impedances. For example, 𝑧̂𝑎𝑏 is the mutual impedance between phase
A and phase B.
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Figure 2-1. A general LV Network

Figure 2-2. An exact three-phase four-wire line
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2.1

Service lines connect local households with LV feeders in three different ways (i.e. singlephase, two-phase, and three-phase connections), as presented in Figure 2-1. If the service line
does not connect with a certain phase, the corresponding row and column in Equation 2.1 will
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have zero entries [93]. For example, in Australia, most of the local households are single-phase
[11, 94]. Thus, it has one phase and one neutral wire, as shown in Figure 2-3, and its impedance
is given by Equation 2.2. Here, 𝑧̂𝑠𝑙 , 𝑧̂𝑛𝑛 and 𝑧̂𝑔𝑔 , correspond to the self-impedance of the phase,
the neutral wire and the grounding of the service line, respectively. The off-diagonal variables
in Equation 2.2 are mutual impedances. For example, 𝑧̂𝑠𝑙𝑛 represents the mutual impedance
between the phase and the neutral wire.

Figure 2-3. An exact single-phase two-wire line
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2.2

Impedance variables in Equations 2.1-2.2 can be denoted as 𝑧̂𝑖𝑗 , where 𝑖 and 𝑗 represent any
two conductors of the line. These impedance variables can be determined using the modified
form of Carson’s equations given in Equation 2.3, which is derived by setting the frequency
and earth resistivity to 50 Hz and 100 /m, respectively [95]. In Equation 2.3, when two
conductors are the same (i.e. 𝑗 = 𝑖), the self impedance is determined by the upper equation,
where 𝑟𝑖𝑖 is the resistance (/mile), and 𝐺𝑀𝑅𝑖𝑖 is the geometric mean radius (ft). In addition,
when 𝑗 is not equal to 𝑖, the mutual impedance is determined by the lower equation in Equation
2.3, where 𝐷𝑖𝑗 is the spacing between the two conductors (ft) [95]. It should be noted that the
equation can be used to compute the self and mutual impedances of both overhead and
underground lines. Full (exact) line models can be the most accurate model to be used in LV
networks for power flow or short-circuit analyses.
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Moreover, it should be noted that LV networks are inherently unbalanced [71, 72, 96-99].
Households with various phase connections (i.e. single-phase, two-phase, and three-phase)
randomly connect with three-phase LV feeders (with or without laterals). Given that customers
usually have different demands/generation at any time in a day, the level of loading on each
phase of the three-phase LV feeder is hardly the same. The unbalanced power causes
unbalanced voltages on LV feeders, where the voltage magnitude of each phase and phase
shifts between different phases are different, as shown in Figure 2-4. Using the exact LV line
models in Equations 2.1-2.2, the unbalanced nature of LV networks (i.e. unbalanced voltages)
can be accurately captured because of the consideration of the phase couplings.

Figure 2-4. Illustration of balanced (left) and unbalanced (right) three-phase
voltages
2.2.2 Simplified Low Voltage Line Models
Although exact LV line models can accurately determine voltages in LV networks, simplified
models with reduced variables are often needed because of a few reasons [98]. One of the main
reasons is the limited knowledge of LV line models (e.g. self and mutual ground impedances
are not accurately known) [99]. Another main reason is that exact line models in large-scale
networks can hinder fast system-wide parameter estimation and power flow analyses [98, 100].
To improve calculation efficiency, given the negligible effects of ground impedances, some
works simplify the exact models from Equations 2.1-2.2 to Equations 2.4-2.5 [95, 101, 102].
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In Equation 2.4, 𝑧̂𝑎𝑎 , 𝑧̂𝑏𝑏 , 𝑧̂𝑐𝑐 and 𝑧̂𝑛𝑛 represent the self-impedance of phase A, phase B, phase
C and the neutral wire, respectively. The remaining variables in Equation 2.4 are the mutual
impedances. In Equation 2.5, 𝑧̂𝑠𝑙 and 𝑧̂𝑛𝑛 are the self-impedance of the phase and the neutral
wire, respectively. 𝑧̂𝑛𝑠𝑙 (or 𝑧̂𝑠𝑙𝑛 ) indicates the mutual impedance between the phase and the
neutral wire of the service line.
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2.4

2.5

Moreover, Kron’s reduction has been widely used to simplify LV line models determined in
Equations 2.4-2.5. The reduction merges the neutral wire with the phase wires by assuming
that the neutral wire directly connects with the ground, and the voltage drop across the neutral
𝑙𝑖𝑛𝑒
wire is zero [93, 101, 103]. For the three-phase line model, the reduced impedance 𝑍̂3×3
is

given by Equation 2.6. Here, 𝑍̂𝑎𝑎 , 𝑍̂𝑏𝑏 and 𝑍̂𝑐𝑐 , correspond to the self-impedance of phase A,
phase B, phase C. The off-diagonal variables are the mutual impedances between two phases.
In addition, for the single-phase service line model, the reduced impedance can be denoted as
𝑍̂𝑠𝑙 . The study in [101] has found that errors from Kron’s reduction are extremely small when
the network is not highly unbalanced.

𝑙𝑖𝑛𝑒
𝑍̂3×3

𝑍̂𝑎𝑎
= [𝑍̂𝑏𝑎
𝑍̂𝑐𝑎

𝑍̂𝑎𝑏
𝑍̂𝑏𝑏
𝑍̂𝑐𝑏

𝑍̂𝑎𝑐
𝑍̂𝑏𝑐 ]
𝑍̂𝑐𝑐

2.6

In practice, sequence impedances (i.e. zero-sequence and positive-sequence impedances) are
often used by distribution companies for line modelling as the knowledge of the couplings
between sequences is not necessarily needed [95, 102, 104]. Instead, sequence impedances are
derived as shown in Equation 2.7. The corresponding three-phase impedance is given by
Equation 2.8, where three phases share the same self-impedance and mutual impedances.
Compared with Equation 2.6, although Equation 2.8 has fewer variables, it cannot significantly
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affect the accuracy of the voltage calculation [104]. Given that the mutual phase couplings are
included in Equation 2.8, it can adequately analyse the three-phase unbalanced characteristics
of LV networks. At the same time, the three-phase LV line model in Equation 2.8 has less
impedance variables and, thus, can save computation time. Therefore, given that Equations 2.62.8 have phase couplings, they can be used to analyse the impacts of DER on a three-phase
unbalanced LV network.
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2.7

2.8

However, some studies have reduced lines to be even simpler, as shown in Equations 2.9-2.10
[95, 102, 104]. These two equations have sole self-impedances and positive sequence
impedances, respectively. These matrices can only be used for three single-phase lines and
balanced LV feeder lines [102, 104]. Compared with the simplified three-phase LV line models
with phase couplings (i.e. Equations 2.4, 2.6-2.8), using Equations 2.9-2.10 can cause
substantial errors in determining voltages in unbalanced networks [102, 104]. Consequently,
Equations 2.8 satisfies the minimum requirement for the impedance of three-phase LV feeder
lines to adequately cater for the unbalanced characteristics of LV networks.

𝑙𝑖𝑛𝑒,𝑜𝑝𝑡1
𝑍̃3×3

𝑙𝑖𝑛𝑒,𝑜𝑝𝑡2
𝑍̃3×3

𝑍̂𝑠
=[0
0

𝑍̂𝑠 − 𝑍̂𝑚
=[ 0
0

0
𝑍̂𝑠
0

0
0]
𝑍̂𝑠

0
𝑍̂𝑠 − 𝑍̂𝑚
0
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2.3 Low Voltage Line Impedance Estimation
Having adequate models of LV lines is necessary to be able to assess the impacts of DER on
voltages in three-phase unbalanced LV networks. However, the challenge is that impedances
are often unavailable or inaccurate. Although impedances can be identified by physical
inspections, they require a considerable number of labour hours, especially in densely
populated areas, which can be costly [75]. To solve this issue, several works [74, 76-84] have
investigated different meter-driven impedance estimation approaches.
In [74], impedances are estimated by using the measurements from phasor measurement units
(PMUs): phasors of three-phase of bus voltages and currents. However, the challenge is that
PMUs are extremely expensive and hardly applied in LV networks [85]. On the other hand,
given the growing adoption of smart meters in residential households, smart meter-driven
impedance estimation approaches would be more practical. These meters typically record three
types of time-varying data at customer connection points: active power, reactive power, and
voltage magnitudes. Although these measurements have been used by a few works [76-84] to
estimate impedances, there are some limitations. Therefore, this section discusses state-of-theart smart meter-driven impedance estimation approaches, followed by a summary of the
identified research gaps.
2.3.1 State-of-the-Art
State-of-the-art smart meter-driven impedance estimation approaches can be categorised by the
level of complexity of their underlying LV line models.
Studies in [76, 77] have used a simple LV feeder model (in Figure 2-5), and the impedance
between the secondary substation and the customer connection point has been estimated. In
[76], meters were installed at the head of the feeder and a single customer connection point,
which provides three pairs of values: active power (𝑃𝑠𝑢𝑏 , 𝑃𝑐𝑢𝑠𝑡 ), reactive power (𝑄𝑠𝑢𝑏 , 𝑄𝑐𝑢𝑠𝑡 )
and voltage magnitudes (𝑉𝑠𝑢𝑏 , 𝑉𝑐𝑢𝑠 ). The meter measurements are sent to the linearized voltage
drop equation in Equation 2.11, and impedances (𝑅𝑙𝑖𝑛𝑒 + 𝑗𝑋𝑙𝑖𝑛𝑒 ) are estimated by regression
analyses. Furthermore, the method in [77] used 5-minute snapshots of smart meter
measurements (𝑃𝑐𝑢𝑠𝑡 , 𝑄𝑐𝑢𝑠𝑡 , 𝑉𝑐𝑢𝑠 ) at the household to estimate line impedances based on
Equation 2.12. Here, the impedance was determined by the ratio of the changes in customer
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voltages ∆𝑉𝑐𝑢𝑠𝑡 to changes in customer currents ∆(𝑃𝑐𝑢𝑠𝑡 + 𝑗𝑄𝑐𝑢𝑠𝑡 )∗ /∆𝑉𝑐𝑢𝑠𝑡 ∗ by keeping the
substation voltage constant.

Figure 2-5. A simplified LV feeder model

𝑉𝑠𝑢𝑏 − 𝑉𝑐𝑢𝑠𝑡 = 𝑅𝑙𝑖𝑛𝑒 𝑅𝑒 {(

𝑃𝑐𝑢𝑠𝑡 + 𝑗𝑄𝑐𝑢𝑠𝑡 ∗
𝑃𝑐𝑢𝑠𝑡 + 𝑗𝑄𝑐𝑢𝑠𝑡 ∗
) } − 𝑋𝑙𝑖𝑛𝑒 𝐼𝑚 {(
)}
𝑉𝑐𝑢𝑠𝑡
𝑉𝑐𝑢𝑠𝑡

𝑍̂𝑙𝑖𝑛𝑒 =

∆𝑉𝑐𝑢𝑠𝑡
𝑃𝑐𝑢𝑠𝑡 + 𝑗𝑄𝑐𝑢𝑠𝑡 ∗
∆(
)
𝑉𝑐𝑢𝑠𝑡

2.11

2.12

Although these methods can correctly estimate the impedance, they have not considered
adequate three-phase LV feeder line models with phase couplings. Thus, it can cause
significant errors in determining voltages in real unbalanced LV networks. Most importantly,
the above studies oversimplified the LV feeder model. In practice, multiple single-phase
customers are unevenly allocated at different phases of three-phase LV feeder models through
service lines; thus, voltages and power injections on three-phase buses along the three-phase
feeder are hardly known. In short, the above two methods cannot be directly implemented in
practice.
A few papers have considered more realistic LV network models (e.g. Figure 2-6), and they
have estimated the impedances of each LV line [78-84]. These studies are grouped into two
categories based on the availability of smart meters. In each group, requirements of the
underlying network topology (i.e. customer connectivity and customer phase connection) are
also outlined.
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Figure 2-6. A more realistic LV feeder model with full observability
In the first category, several works [79, 80, 82] assume that smart meters are located at
customer connection points, junction nodes and the head of the feeder, as shown in Figure 26. In contrast with [79] and [80], the approach in [82] does not rely on the full knowledge of
the network topology [82].
In [82], the approach estimates the meter connectivity and the impedance between two meters.
The connectivity refers to the relationship between two meters: parent-child and siblings, as
shown in Figure 2-7. The method in [82] finds the best-fit impedance and meter connectivity
based on the root mean square error of the residuals. Although this approach is accurate and
efficient with the usage of the regression technique, it requires that the meters are at the same
phase. This means that this method can only be used in the service area (service lines) of real
LV networks.

Figure 2-7. Connectivity of Customers: (a) Siblings; (b) Parent-Child
Works in [31, 32] assume having the full knowledge of LV networks. Both studies consider a
single-phase LV feeder model (black lines in Figure 2-6), and the former [31] deals with the
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feeder with branches (orange lines in Figure 2-6). Impedances in [79, 80] are estimated by
solving non-linear voltage drop equations, involving the phase increments along the feeder,
based on optimisation approaches. Iakovlev et al. [80] found that the non-linear optimisation
approach needs at least thirty iterations in order to have significantly better accuracy than the
results determined by the linearized approach. Thus, given that real LV networks can have
dozens to hundreds of lines, a non-linear based approach is less scalable and requires larger
computational effort.
Thus far, existing works in this category require that LV feeder models have full observability,
which can be less practical in larger size of LV networks. Although linearised and nonlinearised based approaches have been investigated to estimate impedances, with or without
concerning the underlying network topology, they only determined the impedances for singlephase lines. Therefore, they cannot be applied in real unbalanced LV networks which have
three-phase LV feeder models.
In the second category, all the works in [78, 81, 83, 84] that consider more realistic conditions
limiting the number of meters. As shown in Figure 2-7, smart meters are only available at each
household, and junction nodes are not metered. However, these works need the voltage at the
head of the feeder. Besides, in contrast with the works in [83, 84], the approaches in [78, 81]
need the full knowledge of the network topology.

Figure 2-8. A more realistic LV feeder model with limited observability
In [78, 81], given the lack of the meter measurements at junction nodes, the voltage drop over
multiple LV line models is used for impedance estimation. These two works implemented the
linearised and non-linear optimisation approach, respectively. However, both studies
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considered single-phase line models. Additionally, the approach in [78] only involves active
power, and thus, it cannot be applied in networks that have non-negligible line reactance.
Methods in [83, 84] determines impedances without relying on the full knowledge of LV
networks. In [83], measurements from the end-customers (i.e. active power, reactive power,
and voltage magnitudes) are used to estimate the meter connectivity and single-phase line
impedances in the LV network. Furthermore, the approach in [84] identifies the difference
between service lines and the three-phase feeders in LV networks. Watson et al. [84] indicated
that determining the impedance for each service line brings challenges; and thus, an average
service line impedance was determined by using a voltage correlation approach. Furthermore,
based on the known voltages at the head of the feeder, meter phases and connectivity were
estimated using a correlation technique. However, for the impedance estimation, it only
considers the active power and determines resistance using the ordinary least square technique.
Although a three-phase feeder model is adopted, the phase couplings are not considered.
In summary, with limited meter measurements, the approaches in the second category can
estimate impedances in more realistic LV networks, whether the full network knowledge exists
or not. But the challenge is that they require that the underlying LV network only has singlephase or balanced three-phase lines.
2.3.2 Summary of Research Gaps
Based on state-of-the-art smart meter-driven impedance estimation methods discussed above,
the major challenge in all the existing literature is that they have not considered full three-phase
LV line models with phase couplings and single-phase service lines models. Therefore, all the
existing approaches can only be used in single-phase or balanced three-phase LV networks,
and they cannot cater for the needs of realistic unbalanced LV networks.

2.4 Voltage Calculation
Once LV line impedances are known, voltages due to DER are ready to be calculated for any
demand/generation condition (i.e. what-if analysis). Although it can be achieved by using
different methods, distribution companies need a tool to quickly and accurately determine
voltages, particularly for the operational purposes. This section presents state-of-art voltage
calculation approaches and outlines the research gaps.
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2.4.1 State-of-the-Art
In the sinusoidal steady-state condition, several approaches have been used to calculate
voltages in any demand/generation condition, which depends on the calculation accuracy and
the implementation complexity [69, 86-91].
If the underlying network topology and parameters are correct, the most accurate method is to
solve the non-linear algebraic equations by performing power flow analyses [86-88]. For a
generic single-phase line 𝑙 , as shown in Figure 2-9, power flow equations present the
𝜙

𝜙

𝜙

⃑⃑𝑙 and 𝑉
⃑⃑𝑙 ) and the nodal injections (i.e. 𝑆⃑𝑙 =
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𝜙
𝑍̂𝑙 . Here, 𝜙 denotes the phase of the line; 𝑙𝑥 and 𝑙𝑦 represent the start and end node of the line,

respectively. Power flow equations thorough a line can be expressed by
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Here, 𝑍̂𝑙 is the impedance between phases 𝜙 and 𝜑.

Figure 2-9. Single-phase line model
These non-linear power flow equations are solved by numerical iteration techniques, including
fixed-point iteration, Gauss-Seidel, and Newton-based methods [88]. To converge to a
solution, multiple iterations are needed. Also, given that LV networks may have hundreds and
thousands of nodes, running power flow analyses is complex to implement for operational
purposes (to assist the active management of DER).
To simplify the above voltage calculation, several approaches [69, 89-91] have been suggested,
which are based on the single-phase voltage drop equation calculated by

⃑⃑𝑙𝜙
𝑉
𝑥

−
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𝑉
𝑦
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𝜙
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𝑥
⃑⃑ 𝜙
𝑉
𝑙𝑥

∗
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Given that unbalances across phases are not considered, the ‘unbalanced factor’ has been
developed in the literature to correct the above single-phase voltage drop equation [69, 89-91].
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On the one hand, some distribution companies often calculate voltages using the linearised
expression of the single-phase voltage drop equation, and it is eventually corrected by an
empirically determined 'unbalanced factor' [89]. For example, in Australia, a series of
distribution companies (i.e. Energex, Ergon, Essential Energy, and TasNetworks) have been
using different 'unbalanced factors' [90, 91]. These empirical values cannot accurately cater for
the needs of any demand/generation condition [69]. On the other hand, without relying on the
local industry practice, Gupta et al. [69] have advised determining the 'unbalanced factor' via
non-linear regression analyses and the machine-learning technique. However, this approach is
also not practical enough. Firstly, a large number of smart meter measurements (i.e. half year
or the whole year data) are needed to determine a relatively accurate trained ‘unbalanced
factor’. However, it cannot adequately describe the unbalanced nature in any
demand/generation condition. Secondly, non-linear regression requires substantial effort to
determine the best fit for the non-linear function of the problem. At the same time, it requires
an appropriate start value to converge to a correct solution, but this searching process is not
straightforward [105, 106]. Lastly, it is worth highlight that the ‘unbalanced factor’ can be
appropriate for planning purposes, but it is not suitable for operational purposes.
2.4.2 Summary of Research Gaps
According to state-of-the-art voltage calculation approaches summarised above, the most
accurate voltages can be determined by running conventional power flow analyses. However,
it is complex to implement for operational purposes (to assist the active management of DER)
The most recent and advanced works have simplified the voltage calculation by using singlephase line models and smart meter-driven 'unbalanced factors'. However, it cannot adequately
capture the unbalanced nature in any demand/generation condition. At the same time, it is
worth highlight that the ‘unbalanced factor’ can be appropriate for planning purposes, but it is
not suitable for operational purposes. Thus far, no studies have proposed easily implementable
methods to accurately and quickly calculate customer voltages for any demand/generation
condition. Most importantly, no works have presented how to calculate customer voltages
without assuming full knowledge of LV line impedances.

2.5 Summary
This chapter analysed the existing literature in terms of three aspects: LV line models, line
impedance estimation, and voltage calculation. Research gaps regarding the last two points
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were also summarised. To this end, it is necessary to answer some of the research questions
based on the context of this chapter.
•

What is the minimum requirement for the impedance of three-phase LV feeder lines to
adequately capture the three-phase unbalanced characteristics of LV networks?
Given that households are unevenly located at three phases of LV feeders, diverse
demand/generation of customers make LV feeders unbalanced. To accurately analyse
impacts of DER on voltages in inherently unbalanced three-phase LV networks, threephase LV feeder line models must consider the phase couplings. The most simplified
but adequate three-phase LV feeder line model has the same self-impedance and the
same mutual impedance for all three phases, which is the minimum requirement for
three-phase LV feeder lines. Although existing smart meter-driven impedance
estimation approaches can estimate impedances, they do not consider phase couplings
of three-phase LV feeder lines; and thus, they do not satisfy the minimum requirement.
Therefore, this thesis will estimate the impedances of three-phase LV feeder lines with
phase couplings and single-phase service lines.

•

What smart meter data can be used for impedance estimation?
Smart meters offer three types of data: active power, reactive power, and voltage
magnitudes, which are available for impedance estimation. A few existing works did
not use reactive power due to the lack of the corresponding data or its negligible impact
on voltages, which is case-specific. In general, all the other works relied on all types of
measurements. Thus, this thesis will exploit all three types of smart meter data to
estimate impedances.

•

Except for customer connection points, which point of three-phase LV feeders needs to
be metered for impedance estimation?
The most practical impedance estimation approach would not require any meter at
three-phase LV feeders. Although some of the above-mentioned advanced impedance
estimation approaches did not need meters along with three-phase LV feeders, they
require voltages at the head of the feeder. Having only one three-phase meter at the
head of the feeder can still be practical. Thus, this thesis will use meter data from
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customer connection points and at the head of the feeder to estimate impedances,
without relying on meter measurements along three-phase LV feeders.
•

What is the minimum network knowledge required for impedance estimation?
Both the customer connectivity and customer phase connection are needed for
estimating impedances of LV feeder line and service line models. In the existing
literature, approaches in [71, 72] can estimate the customer connectivity in unbalanced
LV networks, and the method in [73] can identify the customer’s phase connection.
Therefore, the underlying network knowledge can be available, and thus, this thesis will
estimate impedances of LV feeder line and service line models by assuming knowing
the knowledge of the customer connectivity and the customer’s phase connection.

•

What methods can be used to exploit historical smart meter data?
Both linearised and non-linearised optimisation approaches have been used for
exploiting smart meter measurements. The linearised approach is preferable for a fast
and simple calculation, but the accuracy is lower than that of the non-linearised method.
However, given that some LV networks can be relatively large in terms of the number
of lines and nodes, the non-linearised approach can be less scalable. Therefore, this
thesis will exploit smart meter measurements by using a practical linearised based
approach.

•

Without using three-phase power flow analyses, how can we quickly and accurately
determine customer voltages in any demand/generation condition (i.e. what-if
analysis)?
The most recent approach has used a single-phase non-linearised voltage drop equation
with an ‘unbalanced factor’ to calculate customer voltages. The ‘unbalanced factor’ is
trained by a large number of smart meter measurements (i.e. half year and one year) by
using a machine learning technique. Although the method has tried to simplify the
voltage calculation, it cannot adequately describe the ‘unbalanced factor’ at that
moment in time. Thus, it can be appropriate for planning purposes, but it is not suitable
for operational purposes. Most importantly, no works have presented how to calculate
customer voltages without assuming full knowledge of LV line impedances. Thus, this

32

Chapter 2: LV Line Models, Impedance Estimation and Voltage Calculation
thesis will propose an easily implemented approach to quickly and accurately determine
customer voltages based on estimated LV feeder line and service line model.

33

Chapter 3: Methodology

This page is intentionally left blank.

34

Chapter 3: Methodology

3 METHODOLOGY
3.1 Introduction
This chapter answers the main research question: Can we assess the impacts of DER on
customer voltages in what-if analyses using smart meter-driven LV line models (i.e. threephase LV feeder lines and single-phase service lines)?
The proposed methodology first presents how to estimate impedances of LV line models based
on measurements from smart meters and at the head of the feeder. Once having the estimated
impedances, it explains how to calculate customer voltages when performing what-if analyses
for operational purposes. As such, Section 3.2 presents the overview and the assumptions of
the proposed methodology. Then, Sections 3.3 and 3.4 explain the details of impedance
estimation and voltage calculation. The pseudocodes are provided in each section. Lastly,
Section 3.5 demonstrates the implementation of the proposed methodology on an example
three-phase LV feeder (with single-phase service lines). This work aims to offer distribution
companies a smart meter-driven tool to quickly and accurately calculate customer voltages in
what-if analyses.

3.2 Overview and Assumptions
3.2.1 Overview
The proposed methodology has two parts. The first part aims to estimate the impedances of
three-phase LV feeder lines and single-phase service lines, as shown on the left-hand side of
Figure 3-1. Four inputs are needed in this process. The first two inputs are the historical
measurements (i.e. active power, reactive power, and voltage magnitude) from smart meters
and at the head of the feeder. It is worth highlight that the measurement device (transformer
terminal unit) installed at the head of the feeder (the secondary side of pole or pad-mounted
transformer) needs to capture the voltages and power flows. The last two inputs are the
customer phase connection and location. These four inputs are sent to the linearised voltage
drop equations and the multiple linear regression (MLR) technique to calculate the unknown
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impedances. This process is a one-off calculation but can be used periodically to update
impedances if conductors are changed. Then, once the impedances of LV lines are obtained,
the second part calculates customer voltages in what-if analyses, as shown on the right-hand
side of Figure 3-1. For any demand/generation conditions of households (with/without DER),
the linearised voltage drop equations can be used to calculate the corresponding voltages.

Figure 3-1. Illustration of the proposed approach
3.2.2 Assumptions
This section outlines the assumptions for each part of the proposed methodology. For ease of
understanding, a general LV network (Figure 3-2) is used to explain the assumptions used in
this study.
In Figure 3-2, the black line represents a three-phase LV feeder, which is divided into several
lines 𝑙 ∈ 𝐿. The start node and end node of three-phase line 𝑙 are represented by 𝑙𝑥 ∈ 𝑁 and
𝑙𝑦 ∈ 𝑁, respectively. The three-phase line 𝑙 is connected to a single-phase customer using a
single-phase service line (the red line) 𝑠𝑙 , 𝑠 ∈ 𝑆. Similarly, 𝑠𝑙,𝑥 ∈ 𝑁 and 𝑠𝑙,𝑦 ∈ 𝑁 denote the
start node and end node of service line 𝑠𝑙 , respectively. The voltage with angle 𝜗 ∈ Θ at the
𝜙
𝜙
start node of the three-phase line 𝑙𝑥 and phase 𝜙 ∈ Φ = {𝑎, 𝑏, 𝑐} is characterized by 𝑉𝑙𝑥 ∠𝜗𝑙𝑥 ;

and the voltage with angle 𝜗 ∈ Θ at the end node of the three-phase line 𝑙𝑦 and phase 𝜙 ∈ Φ =
{𝑎, 𝑏, 𝑐} is characterized by 𝑉𝑙𝑦𝜙 ∠𝜗𝑙𝜙𝑦 . Similarly, the voltage with angle 𝜗 ∈ Θ at the start node
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𝜙
𝜙
of the single-phase line 𝑠𝑙,𝑥 and phase 𝜙 ∈ Φ = {𝑎, 𝑏, 𝑐} is characterized by 𝑣𝑠𝑙,𝑥 ∠𝜗𝑠𝑙,𝑥 ; and the

voltage with angle 𝜗 ∈ Θ at the end node of the single-phase line 𝑠𝑙,𝑦 and phase 𝜙 ∈ Φ =
{𝑎, 𝑏, 𝑐} is characterized by 𝑣𝑠𝜙𝑙,𝑦 ∠𝜗𝑠𝜙𝑙,𝑦 . Furthermore, for each part of the methodology, the
corresponding known parameters are bolded. It should be noted that this work uses time-series
data for voltage magnitudes, active power, and reactive power. For simplicity, the time indices
𝑡 ∈ 𝑇 are not presented. The details about each of the assumptions for the impedance estimation
and voltage calculations are summarised below.

Figure 3-2. A general LV network
Impedance Estimation
1) The LV feeder is radial.
As mentioned in Section 1.1.1, most LV feeders are radial in many countries [12]. For
ease of understanding, the laterals are not included in the explanation. But it should be
noted that the proposed approach can be used in an LV network that has feeders with
laterals. Thus, this assumption is valid.
2) Single-phase customer location, ℴℎ ∈ 𝑁, customer connectivity, and customer phase
connection, 𝜙 ∈ Φ, are known from the geographical information systems given by
distribution companies.
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As mentioned in Section 1.1.1, most residential households are single-phase [11]. Also,
in real systems, the customer location is usually known [71, 72]. Furthermore, as
mentioned in Section 1.2.1, given that most of the existing impedance estimation
approaches have indicated knowing the customer connectivity and the customer phase
connection, they can be available in practice. If not, the studies in [71-73] have been
able to accurately identify them. Thus, this assumption is credible. At the same time, it
should be noted that the distances are not needed.
3) Smart meter measurements of each customer are collected at the end node of the service
line 𝑠𝑙,𝑦 at phase 𝜙, including active power, reactive power and voltage magnitude,
𝝓

𝝓

𝝓

denoted by 𝒑𝒔𝒍,𝒚 , 𝒒𝒔𝒍,𝒚 and 𝒗𝒔𝒍,𝒚 , respectively.
It is worth mentioning that, in this work, all these smart meter parameters are defined
in relation to the service lines. But they can also be defined with respect to customers.
4) Head of feeder meter measurements at the start node of the first three-phase line 𝑙𝑥 (𝑙 =
1) at all three phases 𝜙 are known, including active power, reactive power and voltage
𝝓

𝝓

magnitude, denoted by 𝑷𝟏𝒙 (i.e. 𝑷𝒂𝟏𝒙 , 𝑷𝒃𝟏𝒙 , 𝑷𝒄𝟏𝒙 ), 𝑸𝟏𝒙 (i.e. 𝑸𝒂𝟏𝒙 , 𝑸𝒃𝟏𝒙 , 𝑸𝒄𝟏𝒙 ) and
𝝓

𝑽𝟏𝒙 (i.e. 𝑽𝒂𝟏𝒙 , 𝑽𝒃𝟏𝒙 , 𝑽𝒄𝟏𝒙 ), respectively.
Only one additional meter is required to record the three-phase data at the head of the
LV feeder, which is feasible and not expensive. In addition, in this work, all these
parameters are defined in relation to the lines. They can also be defined with respect to
the head of the feeder.
5) The phase shift of three-phase lines is assumed as 120° .
The study in [71] have assumed a 120° phase shift in an unbalanced three-phase LV
network for topology estimation, and the results are highly accurate. Thus, it proves
that the assumption is reasonable. Also, the findings of this thesis (in Figure 4-8), the
phase shift is maintained at 120° ± 1° , show that this assumption is acceptable.
6) Negligible angle difference along the three-phase LV feeder.
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At each phase of the three-phase LV feeder, voltage angle increments from the
reference to the end of the feeder. However, as mentioned in [12], changes in these
voltage angles are small and can be regarded as 0° .
7) Equation 2.8 is used as a three-phase line, and 𝑅𝑙𝑠 , 𝑋𝑙𝑠 , 𝑅𝑙𝑚 , 𝑋𝑙𝑚 are used to represent
the self-resistance, self-reactance, mutual resistance, and mutual reactance of the threephase line 𝑙.
As mentioned in Section 2.5, this assumption satisfies the minimum requirement for
LV feeders to run unbalanced three-phase power flow analyses. Hence, this assumption
is reasonable. It is worth mentioning that ground impedances and neutral-wire
impedances are not involved in this work. Thus, the impedance of a single-phase service
line 𝑠𝑙 at phase 𝜙 is accordingly presented by a complex value, which can be denoted
𝜙

𝜙

by 𝑟𝑠𝑙 + 𝑗𝑥𝑠𝑙 .
What-if analyses: Voltage Calculation
8) As in assumption 2, single-phase customer location, ℴℎ ∈ 𝑁, customer connectivity,
and customer phase connection, 𝜙 ∈ Φ, are known.
9) Once the impedances are estimated, self-resistance, self-reactance, mutual-resistance
and mutual-reactance of each three-phase line 𝑙 are known, denoted by 𝑹𝒔𝒍 , 𝑿𝒔𝒍 , 𝑹𝒎
𝒍 , and
𝑿𝒎
𝒍 , respectively; resistance and reactance of each single-phase service line 𝑠𝑙 at phase
𝝓

𝝓

𝜙 are known, which are denoted by 𝒓𝒔𝒍 , 𝒙𝒔𝒍 , respectively.
10) The active power and reactive power of demand/generation of each customer are known
𝝓

𝝓

at the end of the service line 𝑠𝑙,𝑦 at phase 𝜙 , which are denoted by 𝒑𝒔𝒍,𝒚 , 𝒒𝒔𝒍,𝒚 ,
respectively.
It is worth mentioning that, in this work, all these parameters are defined in relation to
the service lines. But they can also be defined with respect to customers.
11) As in assumption 4, the voltage magnitudes at the start node of the first three-phase line
𝝓

𝑙𝑥 (𝑙 = 1) at all three phases 𝜙 are known, denoted by 𝑽𝟏𝒙 (i.e. 𝑽𝒂𝟏𝒙 , 𝑽𝒃𝟏𝒙 , 𝑽𝒄𝟏𝒙 ).
12) Line losses of three-phase feeders and single-phase service lines are negligible.
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13) As in assumption 5, the phase shift of three-phase lines is assumed as 120° .
14) As in assumption 6, negligible angle difference along the three-phase LV feeder [12].

3.3 Impedance Estimation
3.3.1 Linearised Voltage Drop Equation
This section mainly presents the linearised voltage drop equations for single-phase lines, threephase lines and combo lines (i.e. combined three-phase lines 𝑙 and single-phase service lines
𝑠𝑙 ). Although the classic single-phase linearised voltage drop equation has been used in many
studies [12], as presented in Equation 2.8, the derivation is given here for ease of understanding.
3.3.1.1 Single-Phase Line
Voltage drop equation for single-phase service line 𝑠𝑙 is shown in Equation 3.1. Here, 𝑧̂𝑠𝑙
𝜙

denotes the impedance of a service line 𝑠𝑙 , and 𝑖⃑𝑠𝑙 represents the current on the service line 𝑠𝑙
at phase 𝜙. The current is determined by the power injection and voltage at the end node of the
𝝓

𝝓

𝝓

−

𝝓
𝜙
𝒗𝒔𝒍,𝒚 ∠𝜗𝑠𝑙,𝑦

𝜙

service line (i.e. 𝒑𝒔𝒍,𝒚 , 𝒒𝒔𝒍,𝒚 and 𝒗𝒔𝒍,𝒚 ∠𝜗𝑠𝑙,𝑦 ).

𝜙
𝜙
𝑣𝑠𝑙,𝑥 ∠𝜗𝑠𝑙,𝑥

∗
𝝓
𝝓
+𝑗𝒒𝒔 )
𝒍,𝒚
𝒍,𝒚
∗
𝑠𝑙
𝝓
𝜙
(𝒗𝒔 ∠𝜗𝑠 )
𝒍,𝒚
𝑙,𝑦

(𝒑𝒔

= 𝑧̂

𝜙

= 𝑧̂𝑠𝑙 𝑖⃑𝑠𝑙 , ∀𝑠 ∈ 𝑆, ∀𝑙 ∈ 𝐿, ∀𝜙 ∈ 𝛷

3.1

The simplified expression of Equation 3.1, as shown in Equation 3.2, is derived based on the
𝜙

assumption of negligible angle difference between two nodes of a service line 𝑠𝑙 (i.e. 𝜗𝑠𝑙,𝑥 ≅
𝜙

𝜗𝑠𝑙,𝑦 ).

𝜙

𝝓

𝜙

𝜙

𝝓

𝜙

𝜙

𝜙

𝜙

𝜙

(𝑣𝑠𝑙,𝑥 − 𝒗𝒔𝒍,𝒚 ) cos 𝜗𝑠𝑙,𝑥 + 𝑗 (𝑣𝑠𝑙,𝑥 − 𝒗𝒔𝒍,𝒚 ) sin 𝜗𝑠𝑙,𝑥 ≅ 𝑟𝑠𝑙 ℜ[𝑖⃑𝑠𝑙 ] − 𝑥𝑠𝑙 ℑ[𝑖⃑𝑠𝑙 ] +
𝜙

𝜙

𝜙

3.2

𝜙

𝑗(𝑟𝑠𝑙 ℑ[𝑖⃑𝑠𝑙 ] + 𝑥𝑠𝑙 ℜ[𝑖⃑𝑠𝑙 ]), ∀𝑠 ∈ 𝑆, ∀𝑙 ∈ 𝐿, ∀𝜙 ∈ Φ

𝜙

𝜙

Given that 𝜗𝑠𝑙,𝑥 is arbitrary, 𝜗𝑠𝑙,𝑥 can be set to 0° . Then, the linearised expression of Equation
𝜙

𝝓

𝝓

𝝓

∗

3.1 is shown in Equation 3.3, where 𝑖⃑𝑠𝑙 is given by [(𝒑𝒔𝒍,𝒚 + 𝑗𝒒𝒔𝒍,𝒚 )⁄𝒗𝒔𝒍,𝒚 ] .
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𝜙

𝝓

𝜙

𝜙

𝜙

𝜙

𝑣𝑠𝑙,𝑥 − 𝒗𝒔𝒍,𝒚 = 𝑟𝑠𝑙 ℜ[𝑖⃑𝑠𝑙 ] − 𝑥𝑠𝑙 ℑ[𝑖⃑𝑠𝑙 ], ∀𝑠 ∈ 𝑆, ∀𝑙 ∈ 𝐿, ∀𝜙 ∈ Φ

3.3

3.3.1.2 Three-Phase Line
Taking phase 𝜓 ∈ Φ as the reference, the other two phases of line 𝑙 in clockwise order are
denoted by 𝜑1 ∈ Φ\{𝜓} and 𝜑2 ∈ Φ\{𝜓, 𝜑1 }, respectively. The voltage drop equation for one
three-phase line 𝑙 at phase 𝜓 of the feeder is expressed in Equation 3.4. This drop is not only
𝜓
caused by the self-impedance 𝑍̂𝑙𝑠 but also by the mutual impedance 𝑍̂𝑙𝑚 . 𝐼⃑𝜓,𝑙 is the current
𝜑1

𝜑2

flowing through the line’s self-impedance (i.e. 𝑍̂𝑙𝑠 ); and 𝐼⃑𝜓,𝑙 and 𝐼⃑𝜓,𝑙 are the current flowing
through the line’𝑠 mutual-impedance (i.e. 𝑍̂𝑙𝑚 ). These currents flowing through the three-phase
line 𝑙 are determined in Equation 3.5. It should be noted that, except for the head of the LV
feeder, measurements on the other three-phase buses along the LV feeder are not considered
available (as in practice is not possible to have multiple measurements throughout the threephase feeder).

𝜓
𝜓
𝜓
𝜓
𝜓
𝜑1
𝜑2
𝑉𝑙𝑥 ∠𝜗𝑙𝑥 − 𝑉𝑙𝑦 ∠𝜗𝑙𝑦 = 𝑍̂𝑙𝑠 𝐼⃑𝜓,𝑙 + 𝑍̂𝑙𝑚 (𝐼⃑𝜓,𝑙 + 𝐼⃑𝜓,𝑙 ), ∀𝑙 ∈ 𝐿, ∀𝜓, 𝜑1, 𝜑2 ∈ Φ

𝜓
𝜓
𝜓
𝜓
𝜓
𝐼⃑𝜓,𝑙 = [(𝑃𝑙𝑥 + 𝑗𝑄𝑙𝑥 )⁄𝑉𝑙𝑥 ∠𝜗𝑙𝑥 ]

3.4

∗
∗

𝜑1
𝜑1
𝜑1
𝜑1
𝜑1
𝐼⃑𝜓,𝑙 = [(𝑃𝑙𝑥 + 𝑗𝑄𝑙𝑥 )⁄𝑉𝑙𝑥 ∠𝜗𝑙𝑥 ] , ∀𝑙 ∈ 𝐿, ∀𝜓, 𝜑1, 𝜑2 ∈ Φ
𝜑2
𝜑2
𝜑2
𝜑2
⃑𝜑2
{𝐼𝜓,𝑙 = [(𝑃𝑙𝑥 + 𝑗𝑄𝑙𝑥 )⁄𝑉𝑙𝑥 ∠𝜗𝑙𝑥 ]

3.5

∗

Assuming the negligible voltage angle difference for a three-phase line at any phase 𝜙 ∈ Φ
𝜙

𝜙

(i.e. 𝜗𝑙𝑥 ≅ 𝜗𝑙𝑦 ), the simplified expression of Equation 3.4 is shown in Equation 3.6 by
separating the real and imaginary part. Furthermore, given that the phase shift of three-phase
lines is assumed as 120° , the voltage angles in Equation 3.5 are expressed in Equation 3.7.
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𝜓

𝜓

𝜓

𝜓

𝜓

𝜓

𝜓

𝜓

𝜑1

(𝑉𝑙𝑥 − 𝑉𝑙𝑦 ) cos 𝜗𝑙𝑥 + 𝑗 (𝑉𝑙𝑥 − 𝑉𝑙𝑦 ) sin 𝜗𝑙𝑥 = 𝑅𝑙𝑠 ℜ [𝐼⃑𝜓,𝑙 ] − 𝑋𝑙𝑠 ℑ [𝐼⃑𝜓,𝑙 ] + 𝑅𝑙𝑚 (ℜ [𝐼⃑𝜓,𝑙 ] +
𝜑2
𝜑1
𝜑2
𝜓
𝜓
𝜑1
ℜ [𝐼⃑𝜓,𝑙 ]) − 𝑋𝑙𝑚 (ℑ [𝐼⃑𝜓,𝑙 ] + ℑ [𝐼⃑𝜓,𝑙 ]) + 𝑗 〈𝑅𝑙𝑠 ℑ [𝐼⃑𝜓,𝑙 ] + 𝑋𝑙𝑠 ℜ [𝐼⃑𝜓,𝑙 ] + 𝑅𝑙𝑚 (ℑ [𝐼⃑𝜓,𝑙 ] +

3.6

𝜑2
𝜑1
𝜑2
ℑ [𝐼⃑𝜓,𝑙 ]) + 𝑋𝑙𝑚 (ℜ [𝐼⃑𝜓,𝑙 ] + ℜ [𝐼⃑𝜓,𝑙 ])〉, ∀𝑙 ∈ 𝐿, ∀𝜓, 𝜑1, 𝜑2 ∈ Φ

𝜓

[𝜗𝑙𝑥

𝜑1

𝜗𝑙𝑥

𝜑2

𝜓

𝜗𝑙𝑥 ] = [𝜗𝑙𝑥

𝜓

𝜗𝑙𝑥 − 120°

𝜓

𝜗𝑙𝑥 + 120° ], ∀𝑙 ∈ 𝐿, ∀𝜓, 𝜑1, 𝜑2 ∈ Φ

3.7

𝜓

Similar to the single-phase voltage drop equation, 𝜗𝑙𝑥 is assumed as 0°, and thus, the set of the
three-phase voltage angle is [0° , −120° , 120° ]. This simplifies Equation 3.6 to Equation 3.8,
which is the linearised expression of Equation 3.4. Here, the three-phase currents in Equation
3.8 are calculated by Equation 3.9.

𝜓
𝜓
𝜓
𝜓
𝜑1
𝜑2
𝜑1
𝑉𝑙𝑥 − 𝑉𝑙𝑦 = 𝑅𝑙𝑠 ℜ [𝐼⃑𝜓,𝑙 ] − 𝑋𝑙𝑠 ℑ [𝐼⃑𝜓,𝑙 ] + 𝑅𝑙𝑚 (ℜ [𝐼⃑𝜓,𝑙 ] + ℜ [𝐼⃑𝜓,𝑙 ]) − 𝑋𝑙𝑚 (ℑ [𝐼⃑𝜓,𝑙 ] +
𝜑2
ℑ [𝐼⃑𝜓,𝑙 ]), ∀𝑙 ∈ 𝐿, ∀𝜓, 𝜑1, 𝜑2 ∈ Φ

𝜓
𝜓
𝜓
𝜓
𝐼⃑𝜓,𝑙 = [(𝑃𝑙𝑥 + 𝑗𝑄𝑙𝑥 )⁄𝑉𝑙𝑥 ]

3.8

∗
∗

𝜑1
𝜑1
𝜑1
𝜑1
𝐼⃑𝜓,𝑙 = [(𝑃𝑙𝑥 + 𝑗𝑄𝑙𝑥 )⁄𝑉𝑙𝑥 ∠−120° ] , ∀𝜓, 𝜑1, 𝜑2 ∈ Φ
𝜑2
𝜑2
𝜑2
°
⃑𝜑2
{ 𝐼𝜓,𝑙 = [(𝑃𝑙𝑥 + 𝑗𝑄𝑙𝑥 )⁄𝑉𝑙𝑥 ∠120 ]

3.9

∗

Although another linearised expression of three-phase voltage drop has been derived in [71],
the difference is that this work (this thesis) only uses the real part of voltage drop. Therefore,
without considering the imaginary part of the voltage drop equation, the linearised voltage drop
equation derived here is more efficient and practical.
3.3.1.3 Combo Line
To calculate the voltage drop of a combo line (i.e. the combined three-phase line 𝑙 and singlephase service line 𝑠𝑙 ), Equation 3.3 and Equation 3.8 are aggregated (in Equation 3.10). Here,
customers are located at phase 𝜓 ∈ Φ, and 𝜙 in Equation 3.3 is replaced by 𝜓, and thus, the
voltage drop equation for the combo line is derived at phase 𝜓. Moreover, it cancels out the
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𝜓

unknown voltage at the start node of the service line 𝑣𝑠𝑙,𝑥 in Equation 3.3, which is also the
𝜓

voltage at the end node of the three-phase line 𝑉𝑙𝑦 in Equation 3.8 at phase 𝜓.

𝜓
𝜓
𝜓
𝜓
𝜑1
𝜑2
𝜑1
𝑉𝑙𝑥 − 𝒗𝒔𝒍,𝒚 = 𝑅𝑙𝑠 ℜ [𝐼⃑𝜓,𝑙 ] − 𝑋𝑙𝑠 ℑ [𝐼⃑𝜓,𝑙 ] + 𝑅𝑙𝑚 (ℜ [𝐼⃑𝜓,𝑙 ] + ℜ [𝐼⃑𝜓,𝑙 ]) − 𝑋𝑙𝑚 (ℑ [𝐼⃑𝜓,𝑙 ] +
𝜑2
𝜓
𝜓
𝜓
𝜓
ℑ [𝐼⃑𝜓,𝑙 ]) + 𝑟𝑠𝑙 ℜ[𝑖⃑𝑠𝑙 ] − 𝑥𝑠𝑙 ℑ[𝑖⃑𝑠𝑙 ], ∀𝑠 ∈ 𝑆,∀𝑙 ∈ 𝐿, ∀𝜓, 𝜑1, 𝜑2 ∈ 𝛷

3.10

3.3.2 Multiple Linear Regression
In order to estimate line impedances, the derived voltage drop equations need to be solved by
multiple linear regression (MLR). This section firstly describes the principles of MLR. Then,
it specifies the application of MLR in this work.
3.3.2.1 Definition
The MLR model, with 𝑇 observations, is presented in Equation 3.11. For each observation, this
model not only has one dependent variable 𝑌𝑡 and residual 𝜖𝑡 but has 𝐼(𝐼 ≥ 2) independent
variables 𝑋𝑡𝑖 and coefficients 𝛽 𝑖 [107, 108]. Furthermore, its compact expression is given by
𝑦 = 𝛽𝑥 + 𝜖.

𝐼

𝑌𝑡 = ∑ 𝛽 𝑖 𝑋𝑡𝑖 + 𝜖𝑡 , ∀ 𝑡 ∈ 𝑇

3.11

𝑖=1

The goal of MLR is to find the “best” coefficients and determine the linear relationship between
the independent variables and the dependent variable. To achieve this, ordinary least squares
(OLS) regression is commonly used. The function of OLS is that it estimates parameters by
minimizing the sum of squared residual using the relation (𝑦 − 𝛽𝑥)′ (𝑦 − 𝛽𝑥). If the sum of
squared residual is zero, the expression for MLR will be 𝑦̂ = 𝑥𝛽̂, and the coefficients will be
determined by 𝛽̂ = (𝑥 𝑇 𝑥)−1 𝑥 𝑇 𝑦 [108].
To avoid getting ill-defined coefficients, it is necessary to make sure that (𝑥 𝑇 𝑥) is invertible.
These non-invertible conditions are outlined as follows [109]:
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1) If two (or more than two) of the independent variables are proportional to each other,
the data are collinear.
𝜓
𝜓
For example, in the context of this work, if ℜ [𝐼⃑𝜓,𝑙 ] = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 × ℑ [𝐼⃑𝜓,𝑙 ], the data are

collinear.
2) If two (or more than two) of the independent variables are linearly related, the data are
collinear.
𝜓

𝜓

For example, in the context of this work, if ℜ [𝐼⃑𝜓,𝑙 ] = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡1 × ℑ [𝐼⃑𝜓,𝑙 ] +
𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡2 , the data are collinear.
3) If one (or more than one) of the independent variables is constant, the data are collinear.
𝜓
For example, in the context of this work, if ℜ [𝐼⃑𝜓,𝑙 ] = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, the data are collinear.

3.3.2.2 Application
The application of MLR in this work is to predict the multiple impedance variables in Equation
3.10, and the MLR at time 𝑡 is given by Equation 3.12. Here, the left-hand side voltage drop
represents the 𝑡th observed dependent variable, and current variables on the right-hand side
represent the 𝑡th observed independent variables. The voltage drop and line currents are the
inputs of MLR. Then, OLS is carried out to minimize the sum of the squared residual
(i.e. ∑𝑡∈𝑇 𝜖𝑡 2) to estimate the impedances (denoted by superscript ~).

𝜓
𝝍
𝜓
𝜓
𝜑1
𝜑2
𝜑1
𝑉𝑙𝑥 − 𝒗𝒔𝒍,𝒚 = 𝑅̃𝑙𝑠 ℜ [𝐼⃑𝜓,𝑙 ] − 𝑋̃𝑙𝑠 ℑ [𝐼⃑𝜓,𝑙 ] + 𝑅̃𝑙𝑚 (ℜ [𝐼⃑𝜓,𝑙 ] + ℜ [𝐼⃑𝜓,𝑙 ]) − 𝑋̃𝑙𝑚 (ℑ [𝐼⃑𝜓,𝑙 ] +
𝜑2
𝜓
𝜓
𝜓
𝜓
ℑ [𝐼⃑𝜓,𝑙 ]) + 𝑟̃𝑠𝑙 ℜ[𝑖⃑𝑠𝑙 ] − 𝑥̃𝑠𝑙 ℑ[𝑖⃑𝑠𝑙 ] + 𝜖,

3.12

∀𝑠 ∈ 𝑆,∀𝑙 ∈ 𝐿, ∀𝜓, 𝜑1, 𝜑2 ∈ 𝛷

In addition, if a single-phase service line 𝑠𝑙 is connected to phase 𝜓 of a three-phase line 𝑙 at
the end of the feeder, these two lines will share the same current. Thus, two pairs of current
𝜓
𝜓
𝜓
𝜓
variables in Equation 3.12 are the same (i.e. ℜ [𝐼⃑𝜓,𝑙 ] & ℜ[𝑖⃑𝑠𝑙 ] , ℑ [𝐼⃑𝜓,𝑙 ] & ℑ[𝑖⃑𝑠𝑙 ]). Given that

input variables are collinear, MLR is unable to correctly estimate each impedance variable in
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Equation 3.12. To solve this issue, the mutual-impedance and the combined self-impedances
𝜓

𝜓

(i.e. 𝑅̃𝑙𝑠 + 𝑟̃𝑠𝑙 , 𝑋̃𝑙𝑠 + 𝑥̃𝑠𝑙 ) will be determined in Equation 3.13.

𝜓
𝜓
𝜓
𝜓
𝜓
𝜓
𝜑1
𝜑2
𝑉𝑙𝑥 − 𝒗𝒔𝒍,𝒚 = (𝑅̃𝑙𝑠 + 𝑟̃𝑠𝑙 )ℜ [𝐼⃑𝜓,𝑙 ] − (𝑋̃𝑙𝑠 + 𝑥̃𝑠𝑙 ) ℑ [𝐼⃑𝜓,𝑙 ] + 𝑅̃𝑙𝑚 (ℜ [𝐼⃑𝜓,𝑙 ] + ℜ [𝐼⃑𝜓,𝑙 ]) −

3.13

𝜑1
𝜑2
𝑋̃𝑙𝑚 (ℑ [𝐼⃑𝜓,𝑙 ] + ℑ [𝐼⃑𝜓,𝑙 ]) + 𝜖 ,∀𝑠 ∈ 𝑆,∀𝑙 ∈ 𝐿, ∀𝜓, 𝜑1, 𝜑2 ∈ 𝛷

The impedance estimation process exploits historical time-series measurements from smart
𝝓

𝝓

𝝓

𝝓

𝝓

𝝓

meters (i.e. 𝒑𝒔𝒍,𝒚 , 𝒒𝒔𝒍,𝒚 , 𝒗𝒔𝒍,𝒚 ) and at the head of the feeder (i.e. 𝑷𝟏𝒙 , 𝑸𝟏𝒙 , 𝑽𝟏𝒙 ). Current and
voltage drop variables for all samples (historical time-series measurements) are needed to
enable the estimation of impedances of three-phase and single-phase lines. The details of
determining current and voltage drop variables for one sample are explained below.
Current
This section explains how to calculate the current on each single-phase service line and three𝜓

phase line. On the one hand, currents on service lines (i.e. 𝑖⃑𝑠𝑙 ) can be determined
𝜓

𝜓

𝜓

∗

straightforwardly in [(𝒑𝒔𝒍,𝒚 + 𝑗𝒒𝒔𝒍,𝒚 )⁄𝒗𝒔𝒍,𝒚 ] . On the other hand, currents on each three-phase
𝜓
𝜑1
𝜑2
line (i.e. 𝐼⃑𝜓,𝑙 , 𝐼⃑𝜓,𝑙 , 𝐼⃑𝜓,𝑙 ) are calculated in Equations 3.9 and 3.14 based on the meter

measurements at the head of the feeder and Kirchhoff’s current law.

𝜓
𝜓
𝜓
𝜓
𝜓
𝐼⃑𝜓,𝑙+1 = 𝐼⃑𝜓,𝑙 − ∑ [(𝒑𝒔𝒍,𝒚 + 𝑗𝒒𝒔𝒍,𝒚 )⁄𝒗𝒔𝒍,𝒚 ]
𝜑1
𝐼⃑𝜓,𝑙+1

{

=

∗

𝑠∈𝑆
∗
𝝋𝟏
𝝋𝟏
𝝋𝟏
− ∑ [(𝒑𝒔𝒍,𝒚 + 𝑗𝒒𝒔𝒍,𝒚 )⁄𝒗𝒔𝒍,𝒚 ∠−𝟏𝟐𝟎° ] ,
𝑠∈𝑆
∗
𝜑2
𝝋𝟐
𝝋𝟐
𝝋𝟐
𝐼⃑𝜓,𝑙 − ∑ [(𝒑𝒔𝒍,𝒚 + 𝑗𝒒𝒔𝒍,𝒚 )⁄𝒗𝒔𝒍,𝒚 ∠𝟏𝟐𝟎° ]
𝑠∈𝑆

𝜑1
𝐼⃑𝜓,𝑙

𝜑2
𝐼⃑𝜓,𝑙+1 =

3.14

∀𝑠 ∈ 𝑆, ∀𝑙 ∈ 𝐿, ∀𝜓, 𝜑1, 𝜑2 ∈ Φ

Voltage Drop
The voltage drop of the combo line at phase 𝜓, as presented in Equations 3.12 or 3.13, relies
𝜓

𝜑1

𝜑2

on the voltages at the start node of the three-phase line (i.e. 𝑉𝑙𝑥 , 𝑉𝑙𝑥 , 𝑉𝑙𝑥 ). These voltages are
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Algorithm I: Impedance Estimation
𝝓

𝝓

𝝓

𝝓

𝝓

𝝓

Input: 𝒑𝒔𝒍,𝒚 , 𝒒𝒔𝒍,𝒚 , 𝒗𝒔𝒍,𝒚 , 𝑷𝟏𝒙 , 𝑸𝟏𝒙 , 𝑽𝟏𝒙
𝜓
𝜓
Output: 𝑅̃𝑙𝑠 , 𝑋̃𝑙𝑠 , 𝑅̃𝑙𝑚 , 𝑋̃𝑙𝑚 , 𝑟̃𝑠𝑙 , 𝑥̃𝑠𝑙
For each 𝝍 (reference), 𝝋𝟏, 𝝋𝟐, 𝒍, 𝒔:
For each 𝒕:
1. Calculate three-phase line currents:
if 𝑙 = 1:
𝜓
𝜑1 𝜑2
𝐼⃑𝜓,𝑙 , 𝐼⃑𝜓,𝑙 , 𝐼⃑𝜓,𝑙 → Equation 3.9.
else:
𝜓
𝜑1 𝜑2
𝐼⃑𝜓,𝑙 , 𝐼⃑𝜓,𝑙 , 𝐼⃑𝜓,𝑙 → Equation 3.14.
𝜓

𝜓

𝜓

𝜓

∗

2. Calculate single-phase line currents 𝑖⃑𝑠𝑙 in [(𝒑𝒔𝒍,𝒚 + 𝑗𝒒𝒔𝒍,𝒚 )⁄𝒗𝒔𝒍,𝒚 ] .
𝜓

𝜓

3. Calculate voltage drop of a combo line in 𝑉𝑙𝑥 − 𝒗𝒔𝒍,𝒚 :
if 𝑙 = 1:
𝜓
𝝍
𝑉𝑙𝑥 → 𝑽𝟏𝒙
else:
𝜓
𝑉𝑙𝑥 → Equation 3.8.
End
4. Calculate impedances using MLR:
𝜓

𝜓

if 𝐼⃑𝜓,𝑙 ≠ 𝑖⃑𝑠𝑙 :
𝜓
𝜓
𝑅̃𝑙𝑠 , 𝑋̃𝑙𝑠 , 𝑅̃𝑙𝑚 , 𝑋̃𝑙𝑚 , 𝑟̃𝑠𝑙 , 𝑥̃𝑠𝑙 → Equation 3.12.
else:
𝜓
𝜓
𝑅̃𝑙𝑠 + 𝑟̃𝑠𝑙 , 𝑋̃𝑙𝑠 + 𝑥̃𝑠𝑙 , 𝑅̃𝑙𝑚 , 𝑋̃𝑙𝑚 → Equation 3.13.
End
obtained from Equation 3.8 and the measured voltages at the head of the feeder. Moreover,
based on Equation 3.8, these voltages are determined using the impedances and the start node
voltages of the last-connected three-phase line. Thus far, we should understand that the voltage
drop and the impedances of the three-phase line rely on each other; and these two values are
determined line by line from the head of the feeder. To illustrate the process, the pseudocode
of the impedance estimation is summarised in Algorithm I.
3.3.2.3 Further Improvements
𝜓

Given that current changes on three-phase lines (i.e. 𝐼⃑𝜓,𝑙 ) are associated with the current varies
𝜓

on single-phase service line (i.e. 𝑖⃑𝑠𝑙 ), two pairs of current variables in Equation 3.12 are
correlated. Due to multicollinearity, if those variables are highly correlated, the LV line
impedances can be ill-estimated. Three poor estimation conditions are outlined as follows:
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𝜓
𝜓
1) 𝑅̃𝑙𝑠 < 0, 𝑋̃𝑙𝑠 < 0, 𝑅̃𝑙𝑚 < 0, 𝑋̃𝑙𝑚 < 0, 𝑟̃𝑠𝑙 < 0, and 𝑥̃𝑠𝑙 < 0;
𝜓
𝜓
2) 𝑋̃𝑙𝑠 > 𝑅̃𝑙𝑠 , 𝑋̃𝑙𝑚 > 𝑅̃𝑙𝑚 , and 𝑥̃𝑠𝑙 > 𝑟̃𝑠𝑙 ; and

3) 𝑅̃𝑙𝑠 < 𝑅̃𝑙𝑚 .
The first condition is because impedances must be positive values. The second condition is due
to the fact that LV networks are mainly resistive [84]. Lastly, the third condition is because
self-resistance is larger than the mutual resistance [110]. If the above three conditions are
satisfied, then estimation issues will occur. The straightforward solution is to drop the current
variables that contribute less to the corresponding voltage drop variable [109]. The details of
how to reduce the variables are explained below.
In LV networks, the impact of reactance is smaller than that of resistance; and thus, reactance
variables can be first removed from the MLR model when any of the above three conditions
occur. Given that the impedance and the voltages of the three-phase lines rely on each other,
neglecting feeder reactance introduces some errors in the determination of three-phase
voltages. These errors can be accumulated along the feeder, which will make the problem even
worse. Thus, to avoid the issues, service line reactance will be the first to be removed from the
𝜓

model (i.e. 𝑥̃𝑠𝑙 = 0).
Moreover, the impact of each impedance variable on the corresponding three-phase line voltage
drop is tested on an example feeder in the Appendix, which results in 𝑅̃𝑙𝑠 > 𝑅̃𝑙𝑚 > 𝑋̃𝑙𝑠 > 𝑋̃𝑙𝑚 .
Thus far, whenever any of the above three conditions occur, the impedance variables will be
𝜓
𝜓
removed from Equations 3.12 and 3.13 in an order of (𝑥̃𝑠𝑙 , 𝑋̃𝑙𝑚 , 𝑋̃𝑙𝑠 , 𝑟̃𝑠𝑙 , 𝑅̃𝑙𝑚 , 𝑅̃𝑙𝑠 ) and (𝑋̃𝑙𝑚 ,
𝜓

𝜓

𝑥̃𝑠𝑙 + 𝑋̃𝑙𝑠 , 𝑅̃𝑙𝑚 , 𝑟̃𝑠𝑙 + 𝑅̃𝑙𝑠 ), respectively.
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Algorithm II: What-if Analyses: Voltage Calculation
𝝓

𝝓

𝝓

𝝓

𝝓

𝒎
Input: 𝒑𝒔𝒍,𝒚 , 𝒒𝒔𝒍,𝒚 , 𝑽𝟏𝒙 , 𝑹𝒔𝒍 , 𝑿𝒔𝒍 , 𝑹𝒎
𝒍 , 𝑿𝒍 , 𝒓𝒔𝒍 , 𝒙𝒔𝒍
𝝓

Output: 𝒗𝒔𝒍,𝒚
1. Calculate the aggregated active and reactive power at three phases at the start node
𝜙
𝜙
of the first three-phase line 𝑙𝑥 (𝑙 = 1) , denoted by 𝑃1𝑥 (i.e. 𝑃1𝑎𝑥 , 𝑃1𝑏𝑥 , 𝑃1𝑐𝑥 ), 𝑄1𝑥 (i.e.
𝑄1𝑎𝑥 , 𝑄1𝑏𝑥 , 𝑄1𝑐𝑥 ).
For each 𝝍 (reference), 𝝋𝟏, 𝝋𝟐, 𝒍, 𝒔:
2. Calculate three-phase line currents:
if 𝑙 = 1:
𝜓
𝜑1 𝜑2
𝐼⃑𝜓,𝑙 , 𝐼⃑𝜓,𝑙 , 𝐼⃑𝜓,𝑙 → Equation 3.9.
else:
𝜓
𝜑1 𝜑2
𝐼⃑ , 𝐼⃑ , 𝐼⃑ → Equation 3.15.
𝜓,𝑙

𝜓,𝑙

𝜓,𝑙

𝜓

3. Calculate three-phase voltages at the end of each three-phase lines (i.e. 𝑉𝑙𝑦 ) in
Equation 3.16.
4. Calculate single-phase service line currents and customer voltage:
if customers connected with line 𝑙:
𝜓
𝜓
𝑖⃑𝑠𝑙 → Equation 3.17; 𝑣𝑠𝑙,𝑦 → Equation 3.18
else:
𝜓
𝜓
𝑖⃑𝑠𝑙 → 0 ; 𝑣𝑠𝑙,𝑦 → 0
End
3.3.2.4 Extensions
In some cases, distribution companies may know the impedance of either the three-phase LV
feeder line models or the single-phase service line models. They can be added to the MLR
model, so only the unknown impedances are estimated.

3.4 What-if Analyses: Voltage Calculation
Once having the estimated LV line models (with estimated impedances of three-phase and
single-phase lines), customer voltages can be determined at any demand/generation condition
(i.e. what-if analysis). For example, for a given demand scenario, distribution companies could
test different PV injections (e.g. 5kW) and determine the corresponding voltages. It is worth
mentioning that these analyses are used for operational purposes, and thus, only real-time or
near real-time data are needed. To conduct the voltage calculation (in what-if analysis) at time
𝑡, the known information is highlighted in bold and the assumptions are outlined in Section
3.2.2.
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𝜓

The customer voltages 𝑣𝑠𝑙,𝑦 are assessed one by one from the head of the feeder using Equations
3.15-3.18. Here, the impedances are parameters (highlighted in bold), and the currents and
voltages are variables. The details of the customer voltage calculation (in what-if analysis) are
summarized in Algorithm II. It should be noted that, the three phases of the feeder are expressed
in a clockwise order in [𝜓, 𝜑1 , 𝜑2 ], where 𝜓 is the reference phase.

𝜓
𝜓
𝝍
𝝍
𝝍
𝐼⃑𝜓,𝑙 = 𝐼⃑𝜓,𝑙−1 − ∑ [(𝒑𝒔𝒍−𝟏,𝒚 + 𝑗𝒒𝒔𝒍−𝟏,𝒚 )⁄𝑉𝑙−1𝑦 ]

∗

𝑠∈𝑆
𝜑1
𝐼⃑𝜓,𝑙

=

𝜑1
𝐼⃑𝜓,𝑙−1

𝝋𝟏

𝝋𝟏

𝑠∈𝑆

{

𝜑2
𝐼⃑𝜓,𝑙

=

∗

𝜑1

− ∑ [(𝒑𝒔𝒍−𝟏,𝒚 + 𝑗𝒒𝒔𝒍−𝟏,𝒚 )⁄𝑉𝑙−1𝑦 ∠−120° ] ,

𝜑2
𝐼⃑𝜓,𝑙−1

𝝋𝟐

− ∑ [(𝒑𝝋𝟐
𝒔

𝒍−𝟏,𝒚

𝜑2

+ 𝑗𝒒𝒔𝒍−𝟏,𝒚 )⁄𝑉𝑙−1𝑦 ∠120° ]

∗

3.15

𝑠∈𝑆

∀𝑠 ∈ 𝑆,∀𝑙 ∈ 𝐿, ∀𝜓, 𝜑1, 𝜑2 ∈ Φ

𝜓
𝜓
𝜓
𝜓
𝒎
⃑𝜑1
⃑𝜑2
⃑𝜑1
𝑉𝑙𝑥 − 𝑉𝑙𝑦 = 𝑹𝒔𝒍 ℜ [𝐼⃑𝜓,𝑙 ] − 𝑿𝒔𝒍 ℑ [𝐼⃑𝜓,𝑙 ] + 𝑹𝒎
𝒍 (ℜ [𝐼𝜓,𝑙 ] + ℜ [𝐼𝜓,𝑙 ]) − 𝑿𝒍 (ℑ [𝐼𝜓,𝑙 ] +
𝜑2

ℑ [𝐼⃑𝜓,𝑙 ]), ∀ 𝑙 ∈ 𝐿, ∀𝜓, 𝜑1, 𝜑2 ∈ Φ

𝜓

𝝍

𝝍

𝜓

𝑖⃑𝑠𝑙 = (𝒑𝒔𝒍,𝒚 + 𝑗𝒒𝒔𝒍,𝒚 )/ 𝑉𝑙𝑦 , ∀𝑠 ∈ 𝑆, ∀𝑙 ∈ 𝐿, ∀𝜓 ∈ Φ

𝜓

𝜓

𝝓

𝜓

3.16

𝝓

3.17

𝜓

𝑉𝑙𝑦 − 𝑣𝑠𝑙,𝑦 = 𝒓𝒔𝒍 ℜ[𝑖⃑𝑠𝑙 ] − 𝒙𝒔𝒍 ℑ[𝑖⃑𝑠𝑙 ], ∀𝑠 ∈ 𝑆,∀𝑙 ∈ 𝐿, ∀𝜓 ∈ Φ

3.18

3.5 Implementation Using an Example LV Feeder (with Service Lines)
An example LV feeder (three-phase) with service lines (single-phase) is adopted in this section
to demonstrate the implementation of the proposed methodology. The calculation processes for
impedance estimation and voltage calculations are presented in Sections 3.5.1 and 3.5.2, and
they correspond to the pseudocodes listed in Sections 3.3 and 3.4, respectively.
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3.5.1 Impedance Estimation
This section presents the process for impedance estimation. An overview of the procedure is
first outlined below. Then, the details of the impedance estimation are demonstrated on an
example LV feeder (with service lines).
Overview of the Procedure
●

Step1: Collect historical time-series measurements (from smart meters and at the head
of the feeder) and identify modelling elements (three-phase LV feeder lines, singlephase service lines, and combo lines).

●

Step2: Calculate the currents flowing and voltage drop for one combo line by using
each sample within the historical data. This step aims to produce the corresponding
voltage drop equation wherein impedances are the only variables. For one combo line,
this step ends up having as many linearised voltage drop equations as the samples.

●

Step3: Send all linearised voltage drop equations to the MLR technique to estimate the
impedance variables of one combo line.

●

Step4: Repeat the last two steps to cover all the combo lines from the head to the end
of the LV feeder.

Example LV Feeder
Figure 3-3 presents that a three-phase LV feeder (solid black lines) is connected with multiple
single-phase service lines (red lines). The known parameters are bolded, as shown in Figure
3-3 and are also listed below. It should be noted that these parameters are historical time-series
data. For simplicity, the time indices 𝑡 ∈ 𝑇 are not presented.
●

Meter measurements are available at the head of the feeder which is the start node of, the
𝝓

first three-phase line 𝑙𝑥 (𝑙 = 1). It includes active power, 𝑷𝟏𝒙 (i.e. 𝑷𝒂𝟏𝒙 , 𝑷𝒃𝟏𝒙 , 𝑷𝒄𝟏𝒙 ), reactive
𝝓

𝝓

power, 𝑸𝟏𝒙 (i.e. 𝑸𝒂𝟏𝒙 , 𝑸𝒃𝟏𝒙 , 𝑸𝒄𝟏𝒙 ), and voltage magnitude, 𝑽𝟏𝒙 (i.e. 𝑽𝒂𝟏𝒙 , 𝑽𝒃𝟏𝒙 , 𝑽𝒄𝟏𝒙 ).
●

Measurements of each smart meter are available at the end node of the service line 𝑠𝑙,𝑦 at
phase 𝜙 . It includes active power, reactive power and voltage magnitude, which are
𝝓

𝝓

𝝓

denoted by 𝒑𝒔𝒍,𝒚 , 𝒒𝒔𝒍,𝒚 and 𝒗𝒔𝒍,𝒚 , respectively.
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For example, Customer 1 is connected to the first three-phase line (𝑙 = 1) at phase C (𝜙 =
𝑐) through the first service line (𝑠 = 1). The active power, reactive power and voltage
magnitude of Customer1 are collected at the end node of the first service line, 𝑠𝑙,𝑦 , denoted
by 𝒑𝒄𝟏𝟏,𝒚 , 𝒒𝒄𝟏𝟏,𝒚 , and 𝒗𝒄𝟏𝟏,𝒚 , respectively.

Figure 3-3. Example three-phase LV feeder with single-phase service lines
(with the bolded parameters required by the impedance estimation approach)
The impedance estimation corresponds to the pseudocodes described in Section 3.3. The
following shows the process of estimating the impedances on two combo lines. The description
of these two combo lines are listed as follows:
•

First Combo Line (blue glow)
The first three-phase line at phase C (Head → Bus 1, 𝑙 = 1, 𝜙 = 𝑐) & The first singlephase service line that is connected to the first three-phase line at phase C (Bus 1 →
Customer 1, 𝑠 = 1, 𝑙 = 1, 𝜙 = 𝑐).

•

Second Combo Line (green glow)
The second three-phase line at phase B (Bus 1 → Bus 2, 𝑙 = 2, 𝜙 = 𝑏) & The first
single-phase service line that is connected to the second three-phase line at phase B
(Bus 2 → Customer 2, 𝑠 = 1, 𝑙 = 2, 𝜙 = 𝑏).

Impedance of the First Combo Line
•

Step1: Calculate three-phase line currents for all the samples (historical data).
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Based on Equation 3.9, currents on the three-phase line 𝑙 are expressed in
𝜓
[𝐼⃑𝜓,𝑙

𝜑1
𝐼⃑𝜓,𝑙

𝜑2
𝐼⃑𝜓,𝑙 ]. Here, phase 𝜓 ∈ Φ is the reference, the other two phases of the line

𝑙 in clockwise order are denoted by 𝜑1 ∈ Φ\{𝜓} and 𝜑2 ∈ Φ\{𝜓, 𝜑1 } , respectively.
𝜓
𝜑1
𝜑2
𝐼⃑𝜓,𝑙 is the current flowing through the line’s self-impedance (i.e. 𝑍̂𝑙𝑠 ); and 𝐼⃑𝜓,𝑙 and 𝐼⃑𝜓,𝑙

are the current flowing through the line’𝑠 mutual-impedance (i.e. 𝑍̂𝑙𝑚 ).
For the first three-phase line at phase C (Head → Bus 1, 𝑙 = 1), phase C is regarded as
the reference phase 𝜓. In a clockwise order, phase A and phase B are denoted by phase
𝜑1 and 𝜑2, respectively. Therefore, the currents on the first three-phase line can be
𝑐
presented as [𝐼⃑𝑐,1

𝑎
𝐼⃑𝑐,1

𝑏 ] and calculated by Equation 3.19.
𝐼⃑𝑐,1

∗
𝑐
𝐼⃑𝑐,1
= [(𝑷𝒄𝟏𝒙 + 𝑗𝑸𝒄𝟏𝒙 )⁄𝑽𝒄𝟏𝒙 ]

∗
𝑎
𝐼⃑𝑐,1
= [(𝑷𝒂𝟏𝒙 + 𝑗𝑸𝒂𝟏𝒙 )⁄𝑽𝒂𝟏𝒙 ∠ − 120° ]

3.19

𝒃
𝒃
𝒃
𝑏
° ∗
{ 𝐼⃑𝑐,1 = [(𝑷𝟏𝒙 + 𝑗𝑸𝟏𝒙 )⁄𝑽𝟏𝒙 ∠120 ]

It should be noted that, given multiple customers located along the feeder at different
phases, phase A and phase B can also be regarded as the reference phase 𝜓. For
example, phase B can be the reference phase 𝜓. In clockwise order, phase C and phase
A are denoted by phase 𝜑1 and 𝜑2, respectively. Therefore, the currents on the first
𝑏
three-phase line can be presented as [𝐼⃑𝑏,1

𝑐
𝐼⃑𝑏,1

𝑎
] and calculated by Equation 3.20.
𝐼⃑𝑏,1

However, to calculate the impedance of the first combo line, only Equation 3.19 is
needed.
∗
𝑏
𝐼⃑𝑏,1
= [(𝑷𝒃𝟏𝒙 + 𝑗𝑸𝒃𝟏𝒙 )⁄𝑽𝒃𝟏𝒙 ]

∗
𝑐
𝐼⃑𝑏,1
= [(𝑷𝒄𝟏𝒙 + 𝑗𝑸𝒄𝟏𝒙 )⁄𝑽𝒄𝟏𝒙 ∠ − 𝟏𝟐𝟎° ]

3.20

𝑎
𝒂
𝒂
𝒂
° ∗
{ 𝐼⃑𝑏,1 = [(𝑷𝟏𝒙 + 𝑗𝑸𝟏𝒙 )⁄𝑽𝟏𝒙 ∠𝟏𝟐𝟎 ]

•

Step2: Calculate single-phase line currents for all the samples (historical data).
The currents on the single-phase service line 𝑠𝑙 at phase 𝜓 can be calculated using the
𝜓

𝜓

𝜓

𝜓

∗

single-phase linearized voltage drop equation in 𝑖⃑𝑠𝑙 = [(𝒑𝒔𝒍,𝒚 + 𝑗𝒒𝒔𝒍,𝒚 )⁄𝒗𝒔𝒍,𝒚 ] .
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Given that Customer 1 is located at phase C, phase C is regarded as the reference phase
𝜓. At the same time, Customer 1 is located at the end node of the first service line (𝑠 =
1) that is connected to the first three-phase line (𝑙 = 1). Thus, the current on the first
single-phase service line at phase C (Bus 1 → Customer 1) is determined in 𝑖⃑1𝑐 1 =
∗

[(𝒑𝑐𝟏𝟏,𝒚 + 𝑗𝒒𝑐𝟏𝟏,𝒚 )⁄𝒗𝑐𝟏𝟏,𝒚 ] .
•

Step3: Produce the voltage drop equations for all the samples (historical data).
𝜓

𝝍

The produced voltage drop equations of the combo line are expressed by [𝑉𝑙𝑥 − 𝒗𝒔𝒍,𝒚 ].
𝜓

Here, 𝑉𝑙𝑥 is the voltage at the start node of the three-phase line 𝑙𝑥 at customer’s phase
𝝍

𝜓 . And 𝒗𝒔𝒍,𝒚 is the voltage at the end node of the sing-phase service line 𝑠𝑙,𝑦 at
customer’s phase 𝜓.
Customer 1 is located at the end node of the first service line (𝑠 = 1) that is connected
to the first three-phase line (𝑙 = 1) at phase C (𝜓 = 𝑐). Thus, voltage drop equations
are expressed by [𝑽𝒄𝟏𝒙 − 𝒗𝒄𝟏𝟏,𝒚 ], and these two voltages are the known parameters from
the head of the feeder and the smart meter. Thus, based on Equation 3.12, the voltage
drop across the first combo line can be expressed in Equation 3.21. Here, the voltage
drop (left-hand side of Equation 3.21) and the currents (right-hand side of Equation
3.21) are known, and impedances are the only variables.

𝑐
𝑐
𝑎
𝑏
𝑉1𝑐𝑥 − 𝒗𝒄𝟏𝟏,𝒚 = 𝑅̃1𝑠 ℜ[𝐼⃑𝑐,1
] − 𝑋̃1𝑠 ℑ[𝐼⃑𝑐,1
] + 𝑅̃1𝑚 (ℜ[𝐼⃑𝑐,1
] + ℜ[𝐼⃑𝑐,1
])
𝑎
𝑏
− 𝑋̃1𝑚 (ℑ[𝐼⃑𝑐,1
] + ℑ[𝐼⃑𝑐,1
]) + 𝑟̃1𝑐1 ℜ[𝑖⃑1𝑐 1 ] − 𝑥̃1𝑐1 ℑ[𝑖⃑1𝑐1 ]

•

3.21

Step4: Calculate impedances using MLR.
Using the produced voltage drop equations in Equation 3.21 and MLR, the impedance
variables in Equation 3.21 can be calculated by using the ordinary least squares
technique. The self-resistance, self-reactance, mutual-resistance and mutual-reactance
of the first three-phase line 𝑙 (𝑙 = 1) are presented as 𝑅̃1𝑠 , 𝑋̃1𝑠 , 𝑅̃1𝑚 and 𝑋̃1𝑚 , respectively.
At the same, the resistance and reactance of the first single-phase service line 𝑠𝑙 (𝑠 = 1,
𝑙 = 1) at phase C are presented as 𝑟̃1𝑐1 and 𝑥̃1𝑐1 .
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Impedance of the Second Combo Line
•

Step1: Calculate three-phase line currents for all the samples (historical data).
Based on Equation 3.14, currents on the three-phase line 𝑙 are expressed in
𝜓
[𝐼⃑𝜓,𝑙

𝜑1
𝐼⃑𝜓,𝑙

𝜑2
𝐼⃑𝜓,𝑙 ]. Here, phase 𝜓 ∈ Φ is the reference, the other two phases of line 𝑙 in

𝜓
clockwise order are denoted by 𝜑1 ∈ Φ\{𝜓} and 𝜑2 ∈ Φ\{𝜓, 𝜑1 }, respectively. 𝐼⃑𝜓,𝑙 is
𝜑1

𝜑2

the current flowing through the line’s self-impedance (i.e. 𝑍̂𝑙𝑠 ); and 𝐼⃑𝜓,𝑙 and 𝐼⃑𝜓,𝑙 are the
current flowing through the line’𝑠 mutual-impedance (i.e. 𝑍̂𝑙𝑚 ).
For the second three-phase line at phase B (Bus 1 → Bus 2, 𝑙 = 2), phase B is regarded
as the reference phase 𝜓. In a clockwise order, phase C and phase A are denoted by
phase 𝜑1 and 𝜑2, respectively. Therefore, the currents on the second three-phase line
𝑏
can be presented as [𝐼⃑𝑏,2

𝑐
𝐼⃑𝑏,2

𝑎
] and calculated by Equation 3.22.
𝐼⃑𝑏,2

∗
𝑏
𝐼⃑𝑏,2
= [(𝑷𝒃𝟏𝒙 + 𝑗𝑸𝒃𝟏𝒙 )⁄𝑽𝒃𝟏𝒙 ]
∗
𝑐
𝐼⃑𝑏,2
= [(𝑷𝒄𝟏𝒙 + 𝑗𝑸𝒄𝟏𝒙 )⁄𝑽𝒄𝟏𝒙 ∠ − 𝟏𝟐𝟎° ] − [(𝒑𝒄𝟏𝟏,𝒚 + 𝑗𝒒𝒄𝟏𝟏,𝒚 )⁄𝒗𝒄𝟏𝟏,𝒚 ∠ − 𝟏𝟐𝟎° ]

{
•

∗

3.22

° ∗

𝑎
𝐼⃑𝑏,2
= [(𝑷𝒂𝟏𝒙 + 𝑗𝑸𝒂𝟏𝒙 )⁄𝑽𝒂𝟏𝒙 ∠𝟏𝟐𝟎 ]

Step2: Calculate single-phase line currents for all the samples (historical data).
The currents on the single-phase service line 𝑠𝑙 at phase 𝜓 can be calculated using the
𝜓

𝜓

𝜓

𝜓

∗

single-phase linearized voltage drop equation in 𝑖⃑𝑠𝑙 = [(𝒑𝒔𝒍,𝒚 + 𝑗𝒒𝒔𝒍,𝒚 )⁄𝒗𝒔𝒍,𝒚 ] .
Given that Customer 2 is located at phase B, phase B is regarded as the reference phase
𝜓. At the same time, Customer 2 is located at the end node of the first service line (𝑠 =
1) that is connected to the second three-phase line (𝑙 = 2). Thus, the current on the first
single-phase service line at phase B (Bus 2 → Customer 2) is determined in 𝑖⃑1𝑏2 =
∗

[(𝒑𝑏𝟏𝟐,𝒚 + 𝑗𝒒𝑏𝟏𝟐,𝒚 )⁄𝒗𝑏𝟏𝟐,𝒚 ] .
•

Step3: Produce the voltage drop equations for all the samples (historical data).
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𝜓

𝝍

The produced voltage drop equations of the combo line are expressed by [𝑉𝑙𝑥 − 𝒗𝒔𝒍,𝒚 ],
𝜓

where 𝑉𝑙𝑥 is the voltage at the start node of the three-phase line 𝑙𝑥 at customer’s phase
𝝍

𝜓 , and 𝒗𝒔𝒍,𝒚 is the voltage at the end node of the sing-phase service line 𝑠𝑙,𝑦 at
customer’s phase 𝜓.
Customer 2 is located at the end node of the first service line (𝑠 = 1) that is connected
to the second three-phase line (𝑙 = 2) at phase B (𝜓 = 𝑏). Thus, the voltage drop
equations are expressed by [𝑉2𝑏𝑥 − 𝒗𝒃𝟏𝟐,𝒚 ], where 𝒗𝒃𝟏𝟐,𝒚 is known from the smart meter.
But the voltage at the start node of the second three-phase line (𝑙𝑥 , 𝑙 = 2) at phase B
(𝜓 = 𝑏), 𝑉2𝑏𝑥 , is unknown. Given that 𝑉2𝑏𝑥 is the same as the voltage at the end node of
the first three-phase line (𝑙𝑦 , 𝑙 = 1) at phase B (𝜓 = 𝑏), 𝑉1𝑏𝑦 , it can be calculated in
Equations 3.20 and 3.23. This calculation uses the estimated impedances and the
corresponding currents of the first three-phase line. Lastly, once having 𝑉2𝑏𝑥 (or 𝑉1𝑏𝑦 ),
the voltage drop across the second combo line can be expressed in Equation 3.24.

𝑏
𝑏
𝑽𝒃𝟏𝒙 − 𝑉1𝑏𝑦 = 𝑅̃1𝑠 ℜ[𝐼⃑𝑏,1
] − 𝑋̃1𝑠 ℑ[𝐼⃑𝑏,1
]+
𝑎
𝑐
𝑎
𝑐
𝑅̃1𝑚 (ℜ[𝐼⃑𝑏,1
] + ℜ[𝐼⃑𝑏,1
]) − 𝑋̃1𝑚 (ℑ[𝐼⃑𝑏,1
] + ℑ[𝐼⃑𝑏,1
])

3.23

𝑏
𝑏
𝑐
𝑎
𝑉2𝑏𝑥 − 𝒗𝑏𝟏2,𝒚 = 𝑅̃2𝑠 ℜ[𝐼⃑𝑏,2
] − 𝑋̃2𝑠 ℑ[𝐼⃑𝑏,1
] + 𝑅̃2𝑚 (ℜ[𝐼⃑𝑏,1
] + ℜ[𝐼⃑𝑏,1
])
𝑐
𝑎
−𝑋̃2𝑚 (ℑ[𝐼⃑𝑏,1
] + ℑ[𝐼⃑𝑏,1
]) + 𝑟̃1𝑏2 ℜ[𝑖⃑1𝑏2 ] − 𝑥̃1𝑏2 ℑ[𝑖⃑1𝑏2 ]

•

3.24

Step4: Calculate impedances using MLR.
Using the produced voltage drop equations in Equation 3.24 and MLR, the impedance
variables in Equation 3.24 can be calculated by using the ordinary least squares
technique. The self-resistance, self-reactance, mutual-resistance and mutual-reactance
of the second three-phase line 𝑙 (𝑙 = 2) are presented as 𝑅̃2𝑠 , 𝑋̃2𝑠 , 𝑅̃2𝑚 and 𝑋̃2𝑚 ,
respectively. And the resistance and reactance of the connected first single-phase
service line 𝑠𝑙 (𝑠 = 1, 𝑙 = 2) at phase B ( 𝜓 = 𝑏 ) are presented as 𝑟̃1𝑏2 and 𝑥̃1𝑏2 ,
respectively.
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3.5.2 What-if Analyses: Voltage Calculation
This section presents the process for customer voltage calculation (in what-if analyses). An
overview of the procedure is first outlined below. Then, the details of the customer voltage
calculation are demonstrated on an example LV feeder (with service lines).
Overview of the Procedure
●

Step1: Get real-time or near real-time time-series data (from customers and at the head
of the feeder), identify modelling elements (three-phase LV feeder lines, single-phase
service lines, and combo lines), and know their corresponding estimated impedances.

●

Step2: Use each real-time or near real-time time-series data to calculate currents
flowing and voltage drop of one combo line and to determine customer voltages (most
important).

●

Step3: Repeat the second step to cover all the combo lines and customers from the head
to the end node of the LV feeder.

Example LV Feeder
Figure 3-4 presents that a three-phase LV feeder (solid black lines) is connected with multiple
single-phase service lines (red lines). The known parameters are bolded, as shown in Figure
3-4, and are also listed below. It should be noted that these parameters are time-series data. For
simplicity, the time indices 𝑡 ∈ 𝑇 are not presented.
•

The real-time or near real time active power and reactive power of demand/generation of
𝝓

𝝓

each customer are known, denoted by 𝒑𝒔𝒍,𝒚 , 𝒒𝒔𝒍,𝒚 , respectively.
For example, Customer 1 is located at the end node of the first service line (𝑠 = 1) that is
connected to the first three-phase line (𝑙 = 1) at phase C (𝜙 = 𝑐). The active and reactive
power of Customer 1 can be denoted by 𝒑𝒄𝟏𝟏,𝒚 , 𝒒𝒄𝟏𝟏,𝒚 , respectively.
•

𝝓

The head of feeder voltage magnitudes at three phases are known, denoted by 𝑽𝟏𝒙 (i.e. 𝑽𝒂𝟏𝒙 ,
𝑽𝒃𝟏𝒙 , 𝑽𝒄𝟏𝒙 ).
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Figure 3-4. An example three-phase LV feeder with single-phase service lines
(with the bolded parameters required by the voltage calculation approach)
The voltage calculation corresponds to the pseudocodes described in Section 3.4, and the
following shows the process of calculating voltages of Customer 1 and Customer 2. These two
customers are connected with the first combo line and the second combo line, respectively. The
description of these two combo lines are listed as follows:
•

First Combo Line (blue glow)
The first three-phase line at phase C (Head → Bus 1, 𝑙 = 1, 𝜙 = 𝑐) & The first singlephase service line that is connected to the first three-phase line at phase C (Bus 1 →
Customer 1, 𝑠 = 1, 𝑙 = 1, 𝜙 = 𝑐).

•

Second Combo Line (yellow glow)
The second three-phase line at phase B (Bus 1 → Bus 2, 𝑙 = 2, 𝜙 = 𝑏) & The first
single-phase service line that is connected to the second three-phase line at phase B
(Bus 2 → Customer 2, 𝑠 = 1, 𝑙 = 2, 𝜙 = 𝑏).

To start the calculation, the aggregated active and reactivate power at the head of the feeder are
first calculated, and the line losses of the three-phase feeder and single-phase service lines are
not considered. The aggregated active power at the head of the feeder (i.e. the start node of the
first three-phase line 𝑙𝑥 , 𝑙 = 1) at three phases are denoted by 𝑃1𝑎𝑥 , 𝑃1𝑏𝑥 and 𝑃1𝑐𝑥 . They are
determined by 𝒑𝒂𝟏𝟑,𝒚 , (𝒑𝒃𝟏𝟐,𝒚 + 𝒑𝒃𝟏𝟑,𝒚 ) , and (𝒑𝒄𝟏𝟏,𝒚 + 𝒑𝒄𝟏𝟑,𝒚 ) , respectively. Similarly, the
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aggregated reactive power at the head of the feeder at three phases are denoted by 𝑄1𝑎𝑥 , 𝑄1𝑏𝑥 and
𝑄1𝑐𝑥 . They are calculated by 𝒒𝒂𝟏𝟑,𝒚 , (𝒒𝒃𝟏𝟐,𝒚 + 𝒒𝒃𝟏𝟑,𝒚 ), and (𝒒𝒄𝟏𝟏,𝒚 + 𝒒𝒄𝟏𝟑,𝒚 ), respectively.
Voltage of Customer 1
•

Step1: Calculate three-phase line currents.
Based on Equation 3.9, currents on the three-phase line 𝑙 are expressed in
𝜓
[𝐼⃑𝜓,𝑙

𝜑1
𝐼⃑𝜓,𝑙

𝜑2
𝐼⃑𝜓,𝑙 ]. Here, phase 𝜓 ∈ Φ is the reference, the other two phases of line 𝑙 in
𝜓

clockwise order are denoted by 𝜑1 ∈ Φ\{𝜓} and 𝜑2 ∈ Φ\{𝜓, 𝜑1 }, respectively. 𝐼⃑𝜓,𝑙 is
𝜑1
𝜑2
the current flowing through the line’s self-impedance (i.e. 𝑍̂𝑙𝑠 ); and 𝐼⃑𝜓,𝑙 and 𝐼⃑𝜓,𝑙 are the

current flowing through the line’𝑠 mutual-impedance (i.e. 𝑍̂𝑙𝑚 ).
For the first three-phase line at phase C (Head → Bus 1, 𝑙 = 1), phase C is regarded as
the reference phase 𝜓. In a clockwise order, phase A and phase B are denoted by phase
𝜑1 and 𝜑2, respectively. Therefore, the currents on the first three-phase line can be
𝑐
presented as [𝐼⃑𝑐,1

𝑎
𝐼⃑𝑐,1

𝑏 ] and calculated by Equation 3.25.
𝐼⃑𝑐,1

∗
𝑐
𝐼⃑𝑐,1
= [(𝑃1𝑐𝑥 + 𝑗𝑄1𝑐𝑥 )⁄𝑽𝒄𝟏𝒙 ]

∗
𝑎
𝐼⃑𝑐,1
= [(𝑃1𝑎𝑥 + 𝑗𝑄1𝑎𝑥 )⁄𝑽𝒂𝟏𝒙 ∠ − 120° ]

𝒃
𝑏
𝑏
𝑏
° ∗
{ 𝐼⃑𝑐,1 = [(𝑃1𝑥 + 𝑗𝑄1𝑥 )⁄𝑽𝟏𝒙 ∠120 ]

3.25

It should be noted that, given multiple customers located along the feeder at different
phases, phase A and phase B can also be regarded as the reference phase 𝜓. For
example, phase B can be the reference phase 𝜓. In clockwise order, phase C and phase
A are denoted by phase 𝜑1 and 𝜑2, respectively. Therefore, the currents on the first
𝑏
three-phase line can be presented as [𝐼⃑𝑏,1

𝑐
𝐼⃑𝑏,1

𝑎
] and calculated by Equation 3.26.
𝐼⃑𝑏,1

However, to calculate voltages of Customer 1, only Equation 3.25 is needed.
∗
𝑏
𝐼⃑𝑏,1
= [(𝑃1𝑏𝑥 + 𝑗𝑄1𝑏𝑥 )⁄𝑽𝒃𝟏𝒙 ]

∗
𝑐
𝐼⃑𝑏,1
= [(𝑃1𝑐𝑥 + 𝑗𝑄1𝑐𝑥 )⁄𝑽𝒄𝟏𝒙 ∠ − 120° ]
° ∗

𝑎
𝒂
𝑎
𝑎
{ 𝐼⃑𝑏,1 = [(𝑃1𝑥 + 𝑗𝑄1𝑥 )⁄𝑽𝟏𝒙 ∠120 ]
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•

Step2: Calculate three-phase voltages at the end node of each three-phase line.
𝑐
Based on Equation 3.16, once having the first three-phase currents, [𝐼⃑𝑐,1

𝑎
𝐼⃑𝑐,1

𝑏 ],
𝐼⃑𝑐,1

voltages at the end node of the first three-phase line at phase C (𝑉𝑙𝑐𝑦 , 𝑙 = 1) can be
calculated by Equation 3.27.

𝑐
𝑐
𝑽𝒄𝟏𝒙 − 𝑉1𝑐𝑦 = 𝑹𝒔𝟏 𝕽[𝐼⃑𝑐,1
] − 𝑿𝒔𝟏 𝕴[𝐼⃑𝑐,1
]+

3.27

𝒎
⃑𝑎
⃑𝑏
⃑𝑎
⃑𝑏
𝑹𝒎
𝟏 (𝕽[𝐼𝑐,1 ] + 𝕽[𝐼𝑐,1 ]) − 𝑿𝟏 (𝕴[𝐼𝑐,1 ] + 𝕴[𝐼𝑐,1 ])

Furthermore, it should be noted that the voltages at the end node of the first three-phase
line at phase A (𝑉𝑙𝑎𝑦 , 𝑙 = 1) and at phase B (𝑉𝑙𝑏𝑦 , 𝑙 = 1) can be calculated. For example,
𝑉1𝑏𝑦 can be calculated in Equations 3.26 and 3.28. However, to calculate the voltages of
Customer1, only Equation 3.27 is needed.

𝑏
𝑏
𝑽𝒃𝟏𝒙 − 𝑉1𝑏𝑦 = 𝑹𝒔𝟏 𝕽[𝐼⃑𝑏,1
] − 𝑿𝒔𝟏 𝕴[𝐼⃑𝑏,1
]+

3.28

𝒎
⃑𝑎
⃑𝑐
⃑𝑎
⃑𝑐
𝑹𝒎
𝟏 (𝕽[𝐼𝑏,1 ] + 𝕽[𝐼𝑏,1 ]) − 𝑿𝟏 (𝕴[𝐼𝑏,1 ] + 𝕴[𝐼𝑏,1 ])

•

Step3: Calculate single-phase service line currents and customer voltages.
𝜓

Once having voltages at the end node of the three-phase line 𝑙𝑦 at phase 𝜓, 𝑉𝑙𝑦 , the
currents on the connected single-phase service line 𝑠𝑙 at phase 𝜓 can be calculated by
𝜓

𝜓

𝜓

𝜓

∗

using 𝑖⃑𝑠𝑙 = [(𝒑𝒔𝒍,𝒚 + 𝑗𝒒𝒔𝒍,𝒚 )⁄𝑉𝑙𝑦 ] . Here, Customer 1 is connected at the end node of
the first service line (𝑠 = 1) that is connected to the first three-phase line (𝑙 = 1) at
phase C (𝜓 = 𝑐). Thus, the single-phase service line currents from Customer 1 is
expressed in 𝑖⃑1𝑐 1 = (𝒑𝒄𝟏𝟏,𝒚 + 𝑗𝒒𝒄𝟏𝟏,𝒚 )/ 𝑉1𝑐𝑦 . Here, the losses of the service line are not
considered.
Lastly, based on Equation 3.18, Customer 1 voltage, 𝑣1𝑐1,𝑦 , can be calculated in Equation
3.29. It uses the known impedances, the calculated service line currents (i.e. 𝑖⃑1𝑐 1 ) and
the voltage at the end node of the first three-phase line at phase C (i.e. 𝑉1𝑐𝑦 ).
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𝑉1𝑐𝑦 − 𝑣1𝑐1,𝑦 = 𝒓𝒄𝟏𝟏 ℜ[𝑖⃑1𝑐 1 ] − 𝒙𝒄𝟏𝟏 ℑ[𝑖⃑1𝑐 1 ]

3.29

Voltage of Customer 2
•

Step 1: Calculate three-phase line currents.
Based on Equation 3.14, currents on the three-phase line 𝑙 are expressed in
𝜓
[𝐼⃑𝜓,𝑙

𝜑1
𝐼⃑𝜓,𝑙

𝜑2
𝐼⃑𝜓,𝑙 ]. Here, phase 𝜓 ∈ Φ is the reference, the other two phases of line 𝑙 in
𝜓

clockwise order are denoted by 𝜑1 ∈ Φ\{𝜓} and 𝜑2 ∈ Φ\{𝜓, 𝜑1 }, respectively. 𝐼⃑𝜓,𝑙 is
𝜑1
𝜑2
the current flowing through the line’s self-impedance (i.e. 𝑍̂𝑙𝑠 ); and 𝐼⃑𝜓,𝑙 and 𝐼⃑𝜓,𝑙 are the

currents flowing through the line’𝑠 mutual-impedance (i.e. 𝑍̂𝑙𝑚 ).
For the second three-phase line at phase B (Bus 1 → Bus 2, 𝑙 = 2), phase B is regarded
as the reference phase 𝜓. In a clockwise order, phase C and phase A are denoted by
phase 𝜑1 and 𝜑2, respectively. Therefore, the currents on the second three-phase line
𝑏
can be presented as [𝐼⃑𝑏,2

𝑐
𝐼⃑𝑏,2

𝑎
] and calculated by Equation 3.30.
𝐼⃑𝑏,2

𝑏
𝐼⃑𝑏,2
= [(𝑃1𝑏𝑥 + 𝑗𝑄1𝑏𝑥 )⁄𝑽𝒃𝟏𝒙 ]
∗
𝑐
𝐼⃑𝑏,2
= [(𝑃1𝑐𝑥 + 𝑗𝑄1𝑐𝑥 )⁄𝑽𝒄𝟏𝒙 ∠−𝟏𝟐𝟎° ] − [(𝒑𝒄𝟏𝟏,𝒚 + 𝑗𝒒𝒄𝟏𝟏,𝒚 )⁄𝒗𝒄𝟏𝟏,𝒚 ∠ − 𝟏𝟐𝟎° ]
𝑎
𝐼⃑𝑏,2
= [(𝒑𝒂𝟏𝟑,𝒚 + 𝒋𝒒𝒂𝟏𝟑,𝒚 )⁄𝑽𝒂𝟏𝒙 ∠120° ]

{

•

∗

∗

3.30

Step2: Calculate three-phase voltages at the end node of each three-phase line.
Based on Equation 3.16, once having currents on the second three-phase line,
𝑏
[𝐼⃑𝑏,2

𝑐
𝐼⃑𝑏,2

𝑎
], voltages at the end node of the second three-phase line at phase B
𝐼⃑𝑏,2

(𝑉𝑙𝑏𝑦 , 𝑙 = 2) can be calculated by Equation 3.31. Here, the voltage at the start of the
second three-phase line at phase B (𝑉𝑙𝑏𝑥 , 𝑙 = 2) equals to the voltages at the end node of
the first three-phase line at phase B (𝑉𝑙𝑏𝑦 , 𝑙 = 1), which is calculated in Equations 3.26
and 3.28.
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𝑏
𝑏
𝑉2𝑏𝑥 − 𝑉2𝑏𝑦 = 𝑹𝒔𝟐 𝕽[𝐼⃑𝑏,2
] − 𝑿𝒔𝟐 𝕴[𝐼⃑𝑏,2
]+

3.31

𝒎
⃑𝑐
⃑𝑎
⃑𝑐
⃑𝑎
𝑹𝒎
𝟐 (𝕽[𝐼𝑏,2 ] + 𝕽[𝐼𝑏,2 ]) − 𝑿𝟐 (𝕴[𝐼𝑏,2 ] + 𝕴[𝐼𝑏,2 ])

•

Step3: Calculate single-phase service line currents and customer voltages.
𝜓

Once having the voltage at the end node of the three-phase line 𝑙𝑦 at phase 𝜓, 𝑉𝑙𝑦 , the
currents on the connected single-phase service line 𝑠𝑙 at phase 𝜓 can be calculated by
𝜓

𝜓

𝜓

𝜓

∗

using 𝑖⃑𝑠𝑙 = [(𝒑𝒔𝒍,𝒚 + 𝑗𝒒𝒔𝒍,𝒚 )⁄𝑉𝑙𝑦 ] . Here, Customer 2 is connected at the end node of
the first service line (𝑠 = 1) that is connected to the second three-phase line (𝑙 = 2) at
phase B (𝜓 = 𝑏). Thus, the single-phase service line currents from Customer 2 is
expressed in 𝑖⃑1𝑏2 = (𝒑𝒃𝟏𝟐,𝒚 + 𝑗𝒒𝒃𝟏𝟐,𝒚 )/ 𝑉2𝑏𝑦 . Here, losses of the service line are not
considered.
Lastly, based on Equation 3.18, voltages of Customer 2, 𝑣1𝑏2,𝑦 , can be determined in
3.32. Here, it uses the known impedances, the currents of the service line (i.e. 𝑖⃑1𝑏2 ) , and
the voltage at the end node of the second three-phase line at phase B (i.e. 𝑉2𝑏𝑦 ).

𝑉2𝑏𝑦 − 𝑣1𝑏2,𝑦 = 𝒓𝒃𝟏𝟐 ℜ[𝑖⃑1𝑏2 ] − 𝒙𝒃𝟏𝟐 ℑ[𝑖⃑1𝑏2 ]

3.32

3.6 Summary
This chapter introduced the proposed methodology of this work, which aims to determine
customer voltages (in what-if analyses) using smart meter-driven LV line models (i.e. adequate
three-phase LV feeder lines and single-phase service lines). The proposed methodology has
two parts. The first part, a one-off calculation, uses linearised voltage drop equations and the
MLR technique to estimate impedances of LV line models (i.e. adequate three-phase LV feeder
lines and single-phase service lines). Particularly, this process exploits historical time-series
measurements (from smart meters and at the head of the feeder) and assumes that the customer
connectivity and customer phase connection are known. Then, the second part, an operational
calculation, calculates customer voltages (in what-if analyses). For any demand/generation
conditions of households (with/without DER), linearised voltage drop equations and the
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estimated LV line models can be used to calculate the corresponding voltages. In particular,
this process uses real-time or near real-time data (from households and at the head of the
feeder).
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4 CASE STUDIES
4.1 Introduction
This chapter presents the application and the performance of the proposed methodology. Two
cases using realistic Australian and UK LV networks are discussed in Sections 4.2 and 4.3,
respectively. This assessment considers the accuracy of the estimated impedances, as well as
the accuracy and the speed of the voltage calculation. Comparisons are carried out with a full
three-phase power flow calculation. Lastly, the performance of the proposed methodology is
analysed and summarised in Sections 4.4 and 4.5.
In both cases, impedances are estimated considering values that mimic realistic weekly
historical meter measurements (i.e. active power, reactive power and voltage magnitudes), with
a 15-minute resolution (672 time steps). Here, the realistic time-series active and reactive
power profiles for residential customers are used to run three-phase power flows and extract
the corresponding voltage magnitudes. Thus, these voltages may be different from the actual
values that would be recorded by meters. The estimated impedances are then compared with
their actual values and assessed by calculating the absolute percent error (APE). As for the
voltage calculations in what-if analyses, weekly demand and generation profiles with a 1minute resolution (10,080 time steps) are used. The accuracy and the speed of voltage
calculations are compared with those determined by running power flow analyses.
The impedance estimation and the voltage calculation processes are coded in Python [111].
Furthermore, all time-series three-phase power flow simulations are performed using the
distribution system analysis tool, OpenDSS [112], which was driven by Python.
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4.2 Australian Low Voltage Network
4.2.1 Low Voltage Network Modelling
A realistic 400V (line to line) LV feeder from Victoria, Australia is used. Its topology is shown
in Figure 4-1. In total, there are 23 single-phase customers (blue boxes), which divide the threephase feeder (solid black lines) into 16 lines (or segments). The length of the first feeder line
is 205m, and the others are 9.7m each. Each customer connects to the three-phase LV feeder
via a 10m single-phase service line (solid red line, i.e. with a nominal voltage of 230V line to
neutral). The actual self and mutual impedances of the first feeder line are
40.6646+j15.8974mΩ, 14.6693+j1.1599mΩ, respectively. Further, for the rest of the threephase LV feeder lines, they are 1.92458+j0.752396mΩ and 0.694271+j5.49E-02mΩ,
respectively. In addition, the actual impedance of each service line is 11.5+j0.83mΩ. The actual
impedances are used to assess the performance of the proposed methodology in estimating
impedances.

Figure 4-1. Schemematic of realistic Australian LV Feeder
4.2.2 Meter Data
4.2.2.1 Realistic Historical Meter Measurements – Impedance Estimation
A pool of anonymised 15-min resolution smart meter measurements (active power only) from
2014 provided by AusNet Services were used in this case study. More specifically, a weeklong set of data (i.e. 672 time steps) from October (spring) is selected. Each of the 23 customers
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in Figure 4-1 is assigned a demand profile (i.e. active power) from the pool of anonymized
smart meter data, as shown in Figure 4-2(a). For each customer, their active power profiles and
randomly selected power factors

1

(between 0.85 and 1.00, inductive) determine the

corresponding reactive power profiles. Furthermore, given that customers may or may not
adopt PV systems, two scenarios are developed to estimate impedances: with 0% (Scenario 1)
and 50% (Scenario 2, half of the customers with a PV installation of 5.5kW) PV penetration,
respectively. Given the small geographical area under study, customers with PV systems (same
size, 5.5kW) are assigned the same weekly PV generation profile with 15-min resolution, as
shown in Figure 4-2(b). Finally, to illustrate the differences between the two scenarios, the
aggregated active power at the head of the feeder (per phase) are compared in Figure 4-3. In
general, Scenario 2 has a relatively larger aggregated power than that in Scenario 1, which is
due to a great number of injections of PV systems during midday.

Figure 4-2. Historical meter measurements with 15-minute resolution for each of
the 23 customers (a)demand profiles (b)generation profiles

1

It is important to use random power factors to avoid collinearity between active and reactive power.
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Figure 4-3. Aggregated active power at the head of the feeder with 15-minute
resolution (a) 0% PV penetration (b) 50% PV penetration
4.2.2.2 Near Real-Time Operational Data – Voltage Calculations
Values that mimic near real-time operational data are used to assess customer voltages in whatif analyses (once the impedances have been estimated). In this study, the what-if scenario refers
to a 100% PV penetration condition (all customers with a PV installation of 5.5kW). The
demand and generation profiles with one-minute resolution are shown in Figures 4-4(a) and 44(b), respectively. The aggregated active power at the head of the feeder is shown in Figure 45. Due to 1-min resolution data has been used, data points are overlapped in Figures 4-4 and 45. In fact, demand profiles in Figure 4-4(a) are similar to that shown in Figure 4-2(a).
Furthermore, under 100% PV penetration condition, all customers adopt the same size of PV
systems (5.5kW). It causes that differences between phases (in Figure 4-5) are relatively
smaller than those determined under the 50% PV penetration (in Figure 4-4).
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Figure 4-4. Near real-time operational data with 1-minute resolution for each
customer (a)demand profiles (b)generation profiles

Figure 4-5. Aggregated active power (per phase) at the head of the feeder with 1minute resolution
4.2.3 Results - Impedance Estimation
This section presents the estimated impedances for the three-phase LV feeder lines and singlephase service lines under two PV penetration conditions (Scenarios 1 and 2). It should be noted
that, at each phase, the current on the last service line is the same as that in the connected threephase LV feeder line. Thus, their impedances are combined in the impedance estimation
process. The three aggregated lines are as below (using the structure in Figure 4-1).
•

1st aggregated line: line 14 and the last service line at phase A.

•

2nd aggregated line: lines 14, 15 and the last service line at phase B.

•

3rd aggregated line: lines 14, 15, 16 and the last service line at phase C.
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Linearised voltage drop equations resulting from using historical meter measurements (672
time steps) are sent to the MLR to estimate the impedance of each line of the LV feeder and
each service line. In the end, 23 × 672 = 15,456 equations are produced. The resulting
impedances estimated for the three-phase feeder lines and single-phase service lines in both
scenarios are compared with their actual values, as shown in Figure 4-6. The proposed
approach determines the impedances of 16 three-phase feeder lines and 20 service lines. The
last three service lines are merged into the three aggregated lines mentioned above (i.e. 1st
aggregated line, 2nd aggregated line, and 3rd aggregated line) The red line represents the actual
impedance. The green and orange lines represent the impedances determined under the 0% and
50% PV penetration conditions, respectively. Overall, the accuracy of the last few three-phase
feeder lines impedances is lower than those for the head and the middle of the LV feeder.
However, in general, there is an insignificant mismatch between the estimated and actual
values.
To understand the impedance estimation accuracy in two scenarios, the absolute percent error
(APE) for each three-phase line and single-phase service line is determined using Equation 4.1,
as shown in Figure 4-7.

𝐴𝑃𝐸(%) = [|𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒 𝑜𝑓 𝐿𝑖𝑛𝑒 #
− 𝐴𝑐𝑡𝑢𝑎𝑙 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒 𝑜𝑓 𝐿𝑖𝑛𝑒 #|/𝐴𝑐𝑡𝑢𝑎𝑙 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒 𝑜𝑓 𝐿𝑖𝑛𝑒 #]

4.1

× 100

The green and orange lines in Figure 4-7 represent the accuracy of the impedances determined
under the 0% and 50% PV penetration conditions, respectively. In general, the 50% PV
penetration condition has relatively worse results. Based on the MLR model in Equations 3.12
and 3.13, the accuracy of the impedances depends on two factors: the current and the threephase voltage magnitude.
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Figure 4-6. Comparison between the actual impedance and two estimated
impedances determined under the 0% and 50% PV penetration conditions
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Figure 4-7. APE of the estimated impedances determined under the 0% and 50%
PV penetration conditions
For the accuracy of the current, it depends on the voltage angle according to Equation 3.9. In
theory, voltage angles increase from the head (reference) to the end of the feeder. However,
the proposed approach assumes three fixed voltage angles along the three-phase feeder, which
are 0° , −120° and 120° . Therefore, the mismatch between the actual and the estimated voltage
angles increases along the LV feeder. Furthermore, the mismatch can be even larger under
unbalanced conditions. In this case, in comparison to the 0% PV penetration condition, the
allocation of demand or generation is relatively more unbalanced under the 50% PV condition
at midday, as shown in Figure 4-5(b). Thus, the impedances determined under the 50% PV
penetration condition are less accurate. At the same time, the actual voltage angles on the threephase buses along the feeder under the 0% and 50% PV penetration conditions are shown in
Figure 4-8. The figure indicates that the voltage angles determined under the 50% PV
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penetration condition are generally larger than those determined under the 0% PV penetration
condition. Thus, the mismatch between the actual and estimated voltage angle is relatively
significant under the 50% PV penetration condition. Therefore, it causes larger errors when
calculating three-phase line currents, which eventually reduces the accuracy of determining
impedances.

Figure 4-8. Voltage angles along the three-phase LV feeder under the 0% and 50%
PV penetration conditions
As for the accuracy due to the three-phase voltage magnitudes, it depends on the level of
demand or generation as shown in Equations 3.8 and 3.9. For instance, with a fixed impedance
error, the larger the demand or generation, the worse the three-phase voltages in Equations 3.8
and 3.9. In this case study, given that the generation is relatively larger under the 50% PV
penetration condition (Figure 4-3), voltage errors are bigger, and thus, the accuracy of
determining impedances is reduced.
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Nonetheless, the first half of the feeder lines and service lines have much more accurately
estimated impedances, particularly for the 0% PV penetration scenario. Under this condition,
except for the reactance of service lines, other impedance variables have almost 0% error. In
contrast, the last half of the three-phase feeder lines and service lines have relatively worse
impedances, which are likely due to the voltage errors accumulating along the feeder. However,
it is important to highlight that, from the perspective of voltage calculations for what-if
analyses, given that the currents at the end of the feeder are relatively small (only a few
customers), the errors in impedances cannot cause significant voltage error. This will be
presented in the next section.
4.2.4 Results - Voltage Calculations for What-if Analyses
This section aims to calculate customer voltages by using the previously estimated impedances.
The near real-time demand and generation profiles presented in Section 4.3.2.2 are used here,
considering a 100% PV penetration condition (all customers with a PV installation of 5.5kW).
The performance of the proposed methodology is assessed by determining the total voltage
mismatch. It is computed by subtracting the actual voltage (calculated using the actual
impedances and a three-phase power flow engine) from the estimated voltage. Table 4-1
presents the considerations to produce these two voltages.
The results of the total voltage mismatches are shown in Figure 4-9. The top half and the bottom
half of Figure 4-9 represent the results determined by using the impedances determined under
the 0% and 50% PV penetration condition, respectively. It should be noted that there are no
significant differences between the two scenarios. Therefore, the accuracy of the impedances
does not significantly affect the accuracy of the calculated voltages.
Additionally, given that these two scenarios have similar results, let us focus on the 0% PV
penetration condition. As shown in Figure 4-9(a), the median voltage mismatches for all the
customers are around zero. Furthermore, what stands out is that the maximum voltage
mismatch is less than 0.25V at the end of the feeder. These results demonstrate that the
proposed approach is a promising for alternation.
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Table 4-1. Considerations for the voltage comparision

Impedance

Actual

Method

Estimated

Simplified

Power Flow

Voltage

Engine

Equations

Actual
Voltage

Calculated
Voltage









Moreover, given that voltage errors are accumulated along the feeder, there is a slightly
increasing trend of voltage mismatch in all three phases, as presented in Figure 4-9. At the
same time, this proposed voltage calculation approach has assumed that losses in the threephase lines and single-phase service lines are negligible. Thus, the farther the customers from
the head of the feeder, the higher the neglected line losses. Therefore, customer voltages are
less accurate at the end of the feeder. More interestingly, the maximum and the minimum
voltage mismatch occur at phase C and phase A, respectively. This is because the accuracy of
the voltage calculation is affected by the level of the demand/generation, based on Equations
3.15-3.18. As shown in Figure 4-5, there is a slightly higher level of generation at phase C.
Thus, customers at phase C experience more significant voltage errors.
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Figure 4-9. Total voltage mismatch caused by the proposed approach (a) 0% PV
penetration condition (b) 50% PV penetration condition
Finally, to clearly illustrate the accuracy of the proposed method, the voltages for the following
cases are computed, and then compared to the ‘Actual Voltage’ (as in Table 4-1).
•

Case 1: estimated impedance and the power flow engine.

•

Case 2: actual impedance and the simplified voltage calculations

Figure 4-10 presents the voltage mismatch caused by the impedances. Although impedances
determined under the 50% PV penetration condition cause relatively larger voltage errors, the
overall impact of the impedance errors on the accuracy of the voltages is small. As shown in
Figure 4-10, the maximum voltage mismatch is only about 0.01V. Finally, the voltage
mismatch caused by the linearised voltage drop equations is shown in Figure 4-11. Interestingly,
the results are similar to those for the total voltage mismatch (Figure 4-9). Thus far, the
accuracy of the impedance estimation does not have a substantial impact on voltages, and the
proposed voltage drop equation is the main reason for the voltage mismatch.
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Figure 4-10. Case 1 vs Actual Voltage: Voltage mismatch caused by the
impedances errors (a) 0% PV penetration condition (b) 50% PV penetration
condition

Figure 4-11.Case 2 vs Actual Voltage: Voltage mismatch caused by the linearised
voltage drop equations
However, it is unclear why the notable impedance errors of the last few feeder lines (i.e. from
feeder line 12) have such a small impact on the final voltage estimation. Thus, it is worth
understanding the effects of the impedances of the last few feeder lines and service lines on the
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customer voltages. To achieve this, a new case (Case 3) is presented, and the details of
impedances are listed as follows:
•

Before customer 18, both feeder lines and service lines use actual impedances; and

•

After customer 18, both feeder lines and service lines use the estimated impedances
(determined under the 0% PV penetration condition).

Under this condition, customer voltages are calculated using the proposed linearised voltage
drop equations, and the voltage mismatch is shown in Figure 4-12. It shows that the errors in
the impedances at the end of the feeder lines and service lines have little impact on the voltages
of the last five customers. This is primarily because most LV lines have almost correct
impedances. The total length of the LV lines is about 360m, and the actual LV lines (before
customer 18) are around 310m. Customer voltages depend on the impedances from the head of
the feeder to the customers’ location. Given that impedances are correct for the first 310 m,
they are the dominant factor affecting the accuracy of customers’ voltages. The fact that there
are notable impedance errors in the last few lines but a small amount of current flowing in those
short lines, results in a slight voltage mismatch.

Figure 4-12. Case 3 vs Case 2:Voltage mismatch of the last five customers
Finally, compared to using the power flow engine, using the linearized voltage drop equations
significantly speeds up the calculation from 69.5s to 0.22s (three hundred times faster), which
makes it much scalable for for the simultaneous near real-time calculations of hundreds of LV
feeders.
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4.3 UK Low Voltage Network
4.3.1 Low Voltage Network Modelling
A real underground, residential UK LV network from the North West of England (Feeder 1,
Network 5) is studied here [113]. The selected network has 130 nodes and 129 lines. Lines that
share the same currents are combined, which results in nine nodes and eight lines in the
modified LV network (in Figure 4-13). The black line represents the three-phase LV feeder,
which feeds four customers through single-phase service lines (i.e. red lines). The first two
customers (i.e. customers 1 and 2) connected to phase A, and the others to phase C. The
characteristics of the LV lines are listed in Table 4-2. This network differs from the Australian
network in that more than one customer is connected to the same node of the three-phase feeder,
i.e, part of the service line is shared (which is a relatively common situation around the world).

Figure 4-13. Topology of the UK LV feeder
Table 4-2. Characteristics of equivalent LV lines
Line

Node x

Node y

Length
(m)

Rs + jXs
(mΩ)

Rm + jXm
(mΩ)

1
2
3
4
5
6
7
8

Head
1
1
3
3
2
6
6

1
2
3
4
5
6
7
8

29.9
45.5
14.41
3.86
11.44
6.88
5.36
7.71

24.1 + j2.4
47 + j3.7
27.4 + j1.3
7.35 + j0.35
21.77 + j1.03
13.09 + j0.62
10.19 + j0.48
14.68 + j0.69

10.7+j0.15
20.0+j0.18
0
0
0
0
0
0
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4.3.2 Meter Data
4.3.2.1 Realistic Historical Meter Measurements – Impedance Estimation
In this case, demand and PV generation profiles, with one-minute resolution, are produced
using the tool developed by the Centre for Renewable Energy Systems Technology (CREST)
[114]. Demand profiles consider the number of residents, type of day (weekday or weekend),
seasonality, and the electrical consumption of the appliances. At the same time, PV generation
profiles depend on the system configurations (i.e. panel and inverter efficiencies; slope,
azimuth, and area of the array) and the geographical location (i.e. irradiance and clearness
index). In this case study, the demand and PV generation profiles (assuming 5.5kW systems)
for each customer during a summer week in June (Summer) are determined, as shown in
Figures 4-14(a) and 4-14(b), respectively. For each customer, the demand (active power)
profiles and randomly selected power factors (between 0.85 and 1.00, inductive) determine the
corresponding reactive power profiles.

Figure 4-14. Realistic Historical meter measurements with 1-minute resolution
for each customer (a)demand profiles (b)generation profiles
To estimate the impedances of the LV lines, the 1-min resolution profiles have been modified
to have a resolution of 15 minutes, as in the case of the Australian LV feeder. This modification
considers that, in practice, some smart meters may not have high-resolution data. Further, the
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aggregated power at the head of the feeder is shown in Figure 4-15, where the upper part and
the lower part represent the 0% and 50% PV penetration (half of the customers with PV
systems) conditions, respectively. In general, during midday, the 50% PV penetration condition
has a slightly larger aggregated power than that in the 100% PV penetration condition.

Figure 4-15. Aggregated active power at the head of the feeder with 15-minute
resolution (a) 0% PV penetration (b) 50% PV penetration
4.3.2.2 Near Real-Time Operational Data – Voltage Calculations
Near real-time operational data is used to assess customer voltages in what-if analyses. In this
study, the what-if scenario refers to a 100% PV penetration condition (all customers with a PV
installation of 5.5kW). The demand and generation profiles of each customer, with one-minute
resolution, are presented in Figure 4-14. The aggregated active power at the head of the feeder
is shown in Figure 4-16, which presents a higher level of reverse power flow during midday.
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Figure 4-16. Aggregated active power at the head of the feeder (1-minute
resolution)
4.3.3 Results - Impedance Estimation
To facilitate understanding, the single-line diagram in Figure 4-13 is represented by the threephase LV feeder lines and single-phase service lines in Figure 4-17. Looking at phase A, lines
1 and 3 share the same current. Similarly, the same current flows through lines 1, 2, and 6.
Given that these lines carry the same amount of current, the impedances are combined per
phase. This results in two combined lines (three-phase) and four service lines (single-phase),
as listed in Tables 4-3 and 4-4.

Figure 4-17. Schematics of the UK three-phase LV feeder and single-phase service
lines
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Table 4-3. Impedances of combined lines
Combined
Line

Node x
(start)

Node y
(end)

Length
(m)

Rs + jXs
(mΩ)

Rm + jXm
(mΩ)

1
𝟐

Head
Head

Bus 3
Bus 6

44.3
82.3

51.5+ j3.69
83.98+j6.702

10.66 +j 0.15
10.66 +j 0.15

Table 4-4. Impedances of individual service lines
Service
Line

Node x
(start)

Node y
(end)

Length
(m)

Rs + jXs
(mΩ)

Rm + jXm
(mΩ)

𝟏
𝟐
𝟑
𝟒

Bus 3
Bus 3
Bus 6
Bus 6

Bus 4
Bus 5
Bus 7
Bus 8

3.86
11.44
5.36
7.71

7.3 + j0.3
21.8 + j1.02
10.2 + j0.48
14.68 + j0.69

0
0
0
0

Based on Equations 3.12 and 3.13, the impedances of combined lines (three-phase) and service
lines (single-phase) can be calculated. Take Combined Line 1 (𝑐𝑙1) and Service Line 1 (𝑠𝑙1)
as an example, as shown in Figure 4-18, impedances are calculated in Equation 4.2. Here,
𝒑𝒉𝑨

𝒑𝒉𝑨

𝑽𝒉𝒆𝒂𝒅 represents the voltage at the head of the feeder at phase A, and 𝒗𝒃𝒖𝒔𝟒 is the Customer 1
voltage at Bus 4 at phase A. The currents on the three-phase Combined Line 1 (𝑐𝑙1) are
𝑝ℎ𝐴
𝑝ℎ𝐵
𝑝ℎ𝐶
expressed in [𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
, 𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
, 𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
], and the current on Service Line 1 (𝑠𝑙1) at phase A is

denoted by 𝑖⃑𝑝ℎ𝐴
𝑠𝑙1 . The self-resistance (Rs), self-reactance (Xs), mutual-resistance (Rm) and
𝑠
𝑠
𝑚
𝑚
mutual-reactance (Xm) of Combined Line 1 (𝑐𝑙1) are denoted by 𝑅̃𝑐𝑙1
, 𝑋̃𝑐𝑙1
, 𝑅̃𝑐𝑙1
and 𝑋̃𝑐𝑙1
,

respectively. The resistance (Rsl) and reactance (Xsl) of Service Line 1 (𝑠𝑙1) are denoted by
𝑝ℎ𝐴
𝑝ℎ𝐴
𝑟̃𝑠𝑙1
and 𝑥̃𝑠𝑙1
, respectively. Similarly, Equation 4.3 can be used to calculate the impedances

of Combined Line 1 (𝑐𝑙1) and Service Line 2 (𝑠𝑙2). Given that impedances of Combined Line
1 are calculated twice in Equations 4.2 and 4.3, an average value is determined.
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Figure 4-18. Schematics of the part of the UK three-phase LV feeder and singlephase service lines

𝒑𝒉𝑨
𝒑𝒉𝑨
𝑝ℎ𝐴
𝑝ℎ𝐴
𝑝ℎ𝐵
𝑝ℎ𝐶
𝑠
𝑠
𝑚
𝑽𝒉𝒆𝒂𝒅 − 𝒗𝒃𝒖𝒔𝟒 = 𝑅̃𝑐𝑙1
ℜ[𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
] − 𝑋̃𝑐𝑙1
ℑ[𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
] + 𝑅̃𝑐𝑙1
(ℜ[𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
] + ℜ[𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
])
𝑝ℎ𝐵
𝑝ℎ𝐶
𝑝ℎ𝐴
𝑝ℎ𝐴
𝑚
− 𝑋̃𝑐𝑙1
(ℑ[𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
] + ℑ[𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
]) + 𝑟̃𝑠𝑙1
ℜ[𝑖⃑𝑝ℎ𝐴
̃𝑠𝑙1
ℑ[𝑖⃑𝑝ℎ𝐴
𝑠𝑙1 ] − 𝑥
𝑠𝑙1 ]

4.2

𝒑𝒉𝑨
𝒑𝒉𝑨
𝑝ℎ𝐴
𝑝ℎ𝐴
𝑝ℎ𝐵
𝑝ℎ𝐶
𝑠
𝑠
𝑚
𝑽𝒉𝒆𝒂𝒅 − 𝒗𝒃𝒖𝒔𝟓 = 𝑅̃𝑐𝑙1
ℜ[𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
] − 𝑋̃𝑐𝑙1
ℑ[𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
] + 𝑅̃𝑐𝑙1
(ℜ[𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
] + ℜ[𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
])
𝑝ℎ𝐵
𝑝ℎ𝐶
𝑝ℎ𝐴
𝑝ℎ𝐴
𝑚
− 𝑋̃𝑐𝑙1
(ℑ[𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
] + ℑ[𝐼⃑𝑝ℎ𝐴,𝑐𝑙1
]) + 𝑟̃𝑠𝑙2
ℜ[𝑖⃑𝑝ℎ𝐴
̃𝑠𝑙2
ℑ[𝑖⃑𝑝ℎ𝐴
𝑠𝑙2 ] − 𝑥
𝑠𝑙2 ]

4.3

To assess the accuracy of the estimation, the resulting impedances are compared with their
actual values (Tables 4-3 and 4-4) using absolute percent error (APE), as presented in Figure
4-19. Here, the first two rows present the APE for the combined lines, and the last row shows
the APE for the service lines. Except for the service line reactance, all other estimated
impedance variables are considerably accurate. Interestingly, here does not have the errors
shown in the Australian network. This is because, in the UK network, customers per phase are
connected to the same three-phase bus.
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Figure 4-19. APE of the estimated impedances determined under the 0% and 50%
PV penetration conditions
4.3.4 Results - Voltage Calculations for What-if Analyses
This section covers the results for the customer voltages through what-if analyses using the
previously estimated impedances. In a similar manner as in the Australian LV feeder, the total
voltage mismatch is determined here, as shown in Figure 4-20. The results are compared to the
voltages obtained using the actual impedances and a three-phase power flow engine. First, it
can be seen that impedances estimated under different PV penetration conditions do not lead
to significantly different calculated voltages. Furthermore, the last two customers have greater
voltage mismatches (i.e. 0.1V) because the proposed voltage assessment approach assumes that
losses in the three-phase lines and single-phase service lines are negligible. However, given
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that the last two customers are farthest from the head of the feeder, these neglected line losses
are higher. Thus, their voltages are less accurate. Finally, in comparison to using the power
flow engine, using the linearized voltage drop equations makes the calculation much faster (a
reduction from 2.85s to 0.005s).

Figure 4-20. Total voltage mismatch caused by the proposed approach

4.4 Impedance Estimation Errors
In comparison to the Australian LV network, the UK LV network has fewer three-phase LV
feeder lines and customers. In the UK LV network, customers per phase are connected to the
same three-phase bus. In contrast, the Australian LV network has customers per phase
connected to different three-phase buses. There is a cumulative error in the three-phase voltage
estimation, and the mismatch between the actual and estimated voltage angles are also
increased along the feeder. Thus, it is necessary to understand how the three-phase voltages
and the current affect the accuracy of impedances. Therefore, the following two scenarios are
conducted to estimate the impedances of LV feeder lines and service lines based on having the
knowledge of:
•

The actual current (from the three-phase power flow); and

•

The actual current and three-phase voltage (also from the three-phase power flow).

The absolute percent error (APE) of each impedance variable is determined for the two
scenarios considering the Australian LV network. Then, they are compared with the original
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results determined by the proposed approach under the 0% and 50% PV penetration condition.
The results are as shown in Figures 4-21 and 4-22, respectively.
In both figures, the red line represents the APE determined using the proposed approach under
the 0% and 50% PV penetration conditions. After using the actual current in the MLR model,
the determined impedances are slightly more accurate, as shown by the green lines. However,
errors are not significantly reduced because of the small changes in voltage angles along the
feeder, as shown in Figure 4-8.
After using the accurate three-phase voltages, the overall accuracy is greatly improved,
demonstrated by the yellow lines shown in both figures. Under the 0% PV penetration
condition, except for lines 12 and 19, all lines have the most accurate estimated impedances.
Thus, the three-phase voltages have a significant impact on the accuracy of the impedances.
Furthermore, under the 50% PV penetration condition, these effects are even more noticeable.
In particular, the estimation errors for the Rs and Rsl of all the lines are less than 1% and 0.5%,
respectively.

85

Chapter 4: Case Studies

Figure 4-21. APE of impedances determined by the proposed approach, the
proposed approach with the correct current, and the proposed approach with the
correct current and three-phase voltages (0% PV penetration condition)

86

Chapter 4: Case Studies

Figure 4-22. APE of impedances determined by the proposed approach, the
proposed approach with the correct current, and the proposed approach with the
correct current and three-phase voltages (50% PV penetration condition)

4.5 Summary
In this chapter, the performance of the proposed approach was evaluated using realistic
Australian and UK LV networks. To assess the accuracy of the impedances, APE was
determined based on the actual impedances of the LV lines. Then, for the estimated voltages,
both calculation accuracy and computing speed were assessed by comparing the estimations
with actual results from a power flow engine.
The results show that the accuracy of voltage calculations depends on the impedances of the
LV lines. Furthermore, the accuracy of the impedances depends on the corresponding line’s
voltage drop and current. These two variables, in turn, depend on the accuracy of the three87
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phase bus voltages and the voltage angle, respectively. Based on the above discussion, it is
clear that the three-phase voltages have dominated the accuracy of the proposed approach. The
lower the cumulated error of the three-phase voltages, the better the estimated impedances of
the LV lines. Thus, more accurate customer voltages can be determined. Furthermore, using
voltage drop equations can significantly reduce the computing time. Thus, the proposed
approach can effectively help distribution companies to quickly and accurately assess the
impacts of DER on voltages before taking any action to manage DER.
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5 CONCLUSIONS AND FUTURE WORK
This final chapter first presents a summary of the research challenges investigated in this thesis,
the research gaps in existing literature, and the main contributions. This is followed by the
conclusions of the thesis regarding the performance of the proposed approach for LV line
impedance estimation and voltage calculations (for what-if analyses). Lastly, the thesis ends
with discussion of potential future research.

5.1 Research Challenges, Research Gaps, and Main Contributions
Driven by the decreasing costs of advanced technologies and high electricity bills, there has
been an exponential growth in the installation of residential solar PV systems in LV networks.
This encourages the increasing adoption of residential BES systems and EVs to store the
surplus solar energy for later use. Along with the rapid adoption of DER, voltage rise/drop
issues during periods of excessive DER injections/absorptions are becoming a significant issue
for distribution companies. Thus, these companies increasingly need a tool to understand the
extent of the impacts of DER on customer voltages (what-if analyses), particularly for
operational purposes so as to determine the most adequate operation (settings, injections, etc.)
for these technologies.
Extensive research has been carried out in the literature about three-phase power flow analyses to
assess the impacts of DER on customer voltages in any demand/generation condition ( also known

as what-if analyses). However, running conventional three-phase power flow analyses has two
main challenges. The first one is the limited knowledge of the underlying LV network model:
impedance of LV line models (i.e. three-phase LV feeder lines and single-phase service lines),
customer connectivity, and customer phase connection. The second challenge is that, if such studies
are needed for operational purposes (calculations in near real time), then implementing power flows
to be run for hundreds of LV feeders can be a complex task for distribution companies. Several
studies have been reported in the literature to tackle these two challenges, the gaps still exist which
are discussed below.
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•

Limited knowledge of LV networks. Studies in the recent literature can accurately

estimate the customer connectivity and the customer phase connection in inherently
unbalanced LV networks using smart meter measurements. However, no existing smart
meter-driven approaches can determine adequate impedances of three-phase LV
feeders with phase couplings. Therefore, estimating impedances for different types of
LV line models (i.e. three-phase LV feeder line and single-phase service line models)
has become the most difficult part, which needs to be tackled.
•

Simplified Voltage Calculations (for Operational Purposes). existing simplified methods

are based on the single-phase voltage drop equations and an additional ‘unbalanced
factor’. Given that the ‘unbalanced factor’ is determined either empirically or using
data-driven techniques that require large amounts of data, such methods cannot are not
precise or practical enough for their actual implementation by distribution companies
scenarios.
Given the gaps in the existing literature, this thesis proposes a practical approach to calculate
customer voltages (in what-if analyses) using smart meter-driven LV line that adequately
capture the effects among the three phases. The contributions of this thesis are summarised
below.
1) A novel impedance estimation approach
It uses historical time-series measurements (i.e. the voltage magnitude, active power,
and reactive power) from smart meters and at the head of the to estimate the impedances
of LV line models (i.e, the three-phase LV feeder line and the single-phase service line
models). Crucially, the phase couplings are considered in three-phase LV feeder line
models.
2) A novel accurate, fast and practical simplified three-phase voltage calculation
algorithms
This process uses the estimated impedances and the linearised voltage drop equations
to directly calculate the impacts of DER on customer voltages in what-if analyses.
3) Realistic case studies
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Realistic Australian and UK LV networks have been used for both impedance
estimation and voltage calculations. It is worth highlighting that realistic
demand/generation data are used to emulate smart meter measurements.

5.2 Key Findings
This section covers the conclusions regarding the performance of the proposed approach for
impedance estimation and voltage calculation.
5.2.1 Impedance Estimation
The performance of the proposed approach was evaluated in realistic Australian and UK LV
networks. The impedances of LV line models (i.e. three-phase LV feeder line and single-phase
service line models) are estimated by using weekly historical meter measurements (active
power, reactive power, and voltage magnitudes) with a 15-minute resolution (672 time steps).
Then, the estimated impedances are compared with their actual values and assessed using the
absolute percent error.
For the impedance estimation, there is an accumulation of errors along the LV feeder. Results
show adequate accuracy for the estimated impedances in both Australian and UK LV networks.
In the Australian network, customers at the same phase are connected to different three-phase
buses, and the accuracy of the last few three-phase feeder lines impedances is lower than those
for the head and the middle of the LV feeder. However, similar errors are not seen in the UK
LV network, and this is due to customers at the same phase are connected to the same threephase bus, and there are no accumulated errors along the feeder. However, it is important to
highlight that, from the perspective of voltage calculations for what-if analyses, given that the
currents at the end of the feeder are relatively small (only a few customers), the errors in
impedances cannot cause significant voltage error.
5.2.2 Voltage Calculations for What-if Analyses
For the customer voltage calculations (for what-if analyses), there is an accumulation of errors
along the LV feeder. At the same time, the proposed voltage calculation approach has assumed
that losses in the three-phase lines and single-phase service lines are negligible. Thus, the
farther the customers from the head of the feeder, the higher the neglected line losses, and thus,
the less accurate calculated voltages. Nonetheless, results show that all calculated customer

91

Chapter 5: Conclusions and Future Work
voltages are highly accurate in both Australian and UK LV networks. Furthermore, the
computing speed is much faster than with a power flow engine, which makes it much scalable
for the simultaneous near real-time calculations of hundreds of LV feeders. Consequently, the
findings suggest that the proposed approach is accurate and practical enough for its use by
distribution companies.

5.3 Future Work
5.3.1 Improvement of the Impedance Estimation Approach
For LV line impedance estimation, the biggest assumption of the proposed approach is that it
requires an extra three-phase meter at the head of the feeder. Thus, future works should
consider how to estimate impedances of three-phase LV feeder lines and single-phase service
lines without using the measurements at the head of the feeder.
5.3.2 Other Application of the Proposed Approach
For operational purposes, the voltage calculation tool proposed in this thesis can be used to
determine the maximum time-varying export or import limits (called ‘operating envelopes’) of
each household based on the network voltage and thermal constraints. This could help avoiding
network issues when aggregators manage a large number of DER to provide services upstream
the LV networks (e.g., injecting or absorbing power). Once the operating envelopes are
obtained, aggregators managing DER can decide how to operate the DER in each household
according to their objective (e.g. increase profit from services) but respecting the operating
envelope per household.
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Appendix
This section uses an example of a three-phase LV feeder (Figure 1) to analyse the impact of
every impedance variable (i.e. Rs, Xs, Rm, and Xm) on customer voltages. The feeder is 200m,
which feeds three end-customers. The cable conductor is obtained from Ausnet Services, and
the actual self and mutual impedances are 39.733+j15.533mΩ and 14.333+j1.133mΩ,
respectively.
To assess the impact of each impedance variable on the voltages, this study needs four groups
of impedance variables. In each group, one impedance variable has a -50% error, and the other
three impedance variables use their actual values. Thus, four groups have four different poorly
estimated impedance variables. Assuming a balanced LV feeder, demands on the three phases
are simultaneously increased from 10kW to 50kW, with a step size of 10kW. Under certain
demand conditions, customer voltages are calculated by running power flow based on the four
groups of impedance variables, and the values are called ‘Estimated Voltage’.
The impact of the sole impedance variable on voltages is assessed by subtracting the actual
voltages from the ‘Estimated Voltage’ in four groups. Here, actual voltages are determined by
the actual impedances and the power flow engine. The voltage mismatch is shown in Figure 2,
which shows that the contributions of four different impedance variables on voltages from large
to small are listed as follows: Rs, Rm, Xs, and Xm.
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Figure A-1. Example LV feeder
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Figure A-2. The voltage mismatch of each load due to the sole impedance variable
error (-50%)
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